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ABSTRACT 
 
The naïve mode coupling theory (NMCT) for ideal kinetic arrest and the 
nonlinear Langevin equation (NLE) theory of activated single-particle barrier hopping 
dynamics are generalized to describe coupled center-of-mass (CM) translational and 
rotational motions of uniaxial particles within the interaction site formalism. The 
approach is based on the time-dependent scalar displacements of the particle CM and 
cumulative rotational angle as the relevant slow variables, and a two-dimensional 
dynamic free energy surface determined by equilibrium structure which quantifies 
localizing forces and torques.  
For hard-core uniaxial objects, three types of dynamic phases are predicted: fluid, 
plastic glass and double glass, the boundaries of which meet at a triple point 
corresponding to a most difficult to vitrify diatomic of aspect ratio ~ 1.43. The real space 
nature of the cage escape process is increasingly controlled by CM translation relative to 
rotational motion as the aspect ratio grows. The kinetic vitrification volume fraction and 
elastic shear modulus are nonmonotonic functions of aspect ratio.   
The first microscopic theory of the nonlinear viscoelasticity of dense fluids of 
nonspherical particles is presented. It provides a first principles explanation of the 
striking two-step yielding phenomenon experimentally observed in very concentrated low 
aspect ratio hard dicolloid suspensions. Stress induces a much stronger barrier softening 
effect on the second-step CM translation barrier than the first-step primarily rotational 
barrier. This barrier softening “mismatch” results in the prediction that for both absolute 
and dynamic yielding, the double yielding phenomena only occurs over a window of high 
iii 
 
volume fractions, which shifts to higher values for lower stress-sweep frequency. For 
large aspect ratio dicolloids, only one barrier exists for all stresses corresponding to a 
cooperative translation-rotation motion, and the translational motion is more dominant in 
the barrier hopping process as stress grows. 
For dicolloids that interact via short-range attractions, new complexity emerges 
due to the interplay of rotational degrees of freedom and bond formation. For large aspect 
ratio systems, translation and rotation are coupled in all activated regimes (repulsive glass, 
attractive glass and gel). Similar activated dynamic and shear elasticity properties are 
predicted for homogeneous and Janus dicolloids. For low aspect ratio suspensions, four 
activated regimes are possible (plastic glass, repulsive glass, attractive glass and gel). A 
“plastic gel” is not predicted. Attractions can greatly reduce translation-rotation 
decoupling.   
The no-fit-parameter NMCT-NLE theory calculations are in good agreement with 
experiments on the new nonspherical homogeneous colloid systems fabricated by Kramb 
and Zukoski. Modest shape anisotropy strongly delays kinetic arrest, and a re-entrant 
glass-to-fluid-to-gel transition as a function of ionic strength occurs for both spherical 
and nonspherical particles. The shear modulus grows roughly exponentially with volume 
fraction for all particle shapes and ionic strengths. For nearly hard core particles, a 
theoretically inspired universal master plot can be achieved for all shapes and repulsion 
strengths based on either the NMCT crossover or random close packing jamming as the 
relevant measure of crowding. 
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CHAPTER 1 
INTRODUCTION 
 
 
1.1 Background and Motivation 
Colloid and nanoparticle science have traditionally been focused on suspensions 
of spherical particles that interact via diverse attractive and repulsive forces [1, 2]. 
Recently, the field has begun to shift its attention to nonspherical and/or chemically 
heterogeneous (e.g., Janus) particles of modest shape anisotropy [3-6]. These more 
complex “molecular colloids” hold great promise as a new class of soft materials that can 
self-assemble into unique equilibrium structures. In addition, shape anisotropy is also 
expected to deeply modify nonequilibrium glass and gel formation and the associated 
mechanical and rheological properties. The latter issue is of fundamental interest in its 
own right, and also from the perspective of a process to avoid if equilibrium self-
assembly and long range order is to be realized. A qualitatively new physical feature is 
the effect of particle shape, and coupled translation-rotation motions, on slow dynamics. 
This aspect is poorly understood both theoretically and experimentally, and is relevant 
not only to dense colloid and nanoparticle suspensions but also supercooled molecular 
liquids [7]. The underlying physics is also relevant to the processing, fabrication, and 
properties of novel colloid-based materials. 
Significant theoretical progress concerning the glassy dynamics of nonspherical 
particles has begun to be made over the past several years. Microscopic ideal mode 
coupling theory (MCT) [8-12] predicts hard uniaxial particles exhibit a remarkable 
nonmonotonic variation with aspect ratio of the ideal kinetic glass transition volume 
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fraction, c , which has been qualitatively confirmed by computer simulations [13-16] in a 
dynamic crossover sense. For symmetric diatomics composed of two overlapping hard 
spheres (diameter D), c  is predicted to exhibit a “maximally fluidic” state when the 
aspect ratio ~ 1.4 [9, 10, 12]. Intriguingly, a similar nonmonotonic variation of the 
jamming volume fraction of granular ellopsoids and spherocylinders has been discovered 
[17, 18], and connections between c  and the athermal jamming limit have been 
suggested in nonspherical particle systems [19]. 
The ideal MCT is based on the self-consistent confining cage concept and 
assumed dominance of continuous cooperative (Gaussian density fluctuations) motions 
[20]. It is a powerful approach for predicting the tendency to localize and emergence of 
non-Fickian dynamics on intermediate time scales and local length scales. However, at 
high enough volume fraction or low enough temperature, the long time dynamics is not 
properly described because the MCT nonergodicity (“ideal glass”) transition is an artifact 
of neglecting nonperturbative, large amplitude hopping processes that restore ergodicity. 
Simulations of dense fluids of diatomics have found evidence of the qualitative 
importance of rotational hopping even in the dynamical crossover regime [13, 14]. Such 
activated processes are present above the empirically determined (via data fitting) c  of 
ideal MCT [21]. For example, confocal microscopy [22] and dynamic light scattering [23] 
studies of hard sphere suspensions find particle trajectories display intermittent large 
amplitude hopping events, strong non-Gaussian effects, and the apparent dominance of 
activated dynamics at long times at volume fractions above the empirical c  but well 
below the random close packing (RCP) jamming limit. Many simulation studies of both 
hard sphere fluids [23] and thermal liquids [24, 25] have also documented the presence of 
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strong non-Gaussian effects and activated motions at volume fractions or temperatures in 
the dynamic crossover regime where MCT describes well some ensemble average effects, 
but literal arrest does not occur and critical power law scaling of the relaxation time 
eventually fails. 
 The activated dynamics discussed above is not captured in ideal MCT but are 
accurately described by the nonlinear Langevin equation (NLE) [26, 27] theory of 
spherical particle fluids where ergodicity is restored via single particle activated barrier 
hopping and c  is a dynamic crossover volume fraction [21]. In this approximate 
approach, the MCT-like critical power law behavior emerges in a numerically effective 
sense when activation barriers are relatively low [26]. Restricted to only center-of-mass 
(CM) translational motions (rotation not allowed), the NLE theory (CM-NLE) has 
successfully addressed the highly non-Gaussian activated barrier hopping phenomena for 
hard spheres [26], nonmonotonic variation of  c  with aspect ratio for hard linear 
molecules [10], re-entrant glass-fluid-gel melting in dense attractive sphere fluids [28], 
and relaxation in binary (biphasic) mixtures of hard and sticky spheres [29]. Very 
recently, Schweizer and Tripathy applied the CM-NLE theory to study slow activated 
dynamics for dense hard and attractive particle fluids over a wide range of shapes [11, 30, 
31]. Many interesting results were found: the kinetic glass transition volume fractions, 
gelation temperature, and dynamic fragility are all highly particle shape dependent. 
Particles with different effective dimensionality (e.g., rods, disks, compact clusters) 
exhibit qualitatively distinct behaviors. For attractive systems, a glass-fluid-gel re-
entrance transition emerges for all particle shapes.          
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However, generalizing the NLE theory to explicitly treat rotational dynamics for 
nonspherical colloids is a complex statistical mechanical problem and had not been 
achieved before. Nonsphericity introduces the qualitatively new effect of coupled 
translation-rotation motion, which can result in distinctive slow dynamic, viscoelastic, 
and kinetic arrest behavior compared to the sphere analog. To better understand these 
issues for “colloidal molecules”, I have generalized the naïve MCT (NMCT) and NLE 
theory to describe coupled CM translational and rotational activated dynamics of uniaxial 
particles within the interaction site formalism [12]. The approach is based on the time-
dependent scalar displacements of the particle CM and cumulative rotational angle as the 
relevant slow variables (Figure 1.1), and a two-dimensional dynamic free-energy surface 
determined by equilibrium structure that quantifies localizing forces and torques. If 
hopping is ignored, the NLE theory reduces to a new simplified “naive” MCT (NMCT) 
that predicts a kinetic arrest volume fraction or temperature which signals the onset of 
activated dynamic process. The theory is applied to uniaxial particles of varied aspect 
ratio and interaction potentials [12, 32-34]. Some examples are shown in Figure 1.2. 
 
1.2 Outline of Thesis and Results 
Chapter 2 presents the new theoretical approach, which is general in that it can be 
applied to any rigid uniaxial object, including chemically heterogeneous particles (e.g., 
Janus dicolloids or rods). The derivation of the formalism yields the finding that in the 
“frozen rotation” limit (starting from random particle orientations at t=0, all particles do 
not dynamically rotate), the NMCT and NLE equations reduce to the prior CM theory 
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results, clearly establishing that the CM theory indeed corresponds to a “frozen rotation” 
approximation of my more general theory.  
The new theory of coupled translational-rotational glassy dynamics allows the 
study of a series of interesting questions beyond the CM approach. Hard linear particles 
with varied degree of shape anisotropy are studied in Chapter 3. Prior ideal MCT studies 
of dense fluids of hard-core ellipsoids [8] and homonuclear diatomics [9] have predicted 
a plastic glass state and a nonmonotonic dependence of the ideal glass transition volume 
fraction and transport coefficients on particle aspect ratio. The predictions based on our 
simplified NMCT show good agreement with ideal MCT. At the beyond MCT level, the 
fundamental quantity is a dynamic free energy surface, which for small aspect ratios in 
the high-volume fraction regime exhibits two saddle points reflecting a two-step activated 
dynamics where relatively rapid rotational dynamics coexists with slower CM 
translational motions. For large-enough aspect ratios, the dynamic free energy surface has 
one saddle point which corresponds to a system-specific coordinated translation-rotation 
motion. Using multidimensional Kramers theory, the mean first passage or structural 
relaxation time is computed. The thermally activated real space cage escape process is 
increasingly controlled by the CM translation relative to the rotational motion as the 
particle aspect ratio grows. 
Apart from the artifact that a strict nonergodicity transition is predicted by ideal 
MCT due to neglecting nonperturbative activated barrier hopping processes, the full ideal 
MCT is computationally and conceptually much more complex and less transparent than 
the NMCT-NLE theory, technical feature that have severely restricted its application to 
 6 
 
more complex  nonspherical particles. The new results in Chapters 4-6 address questions 
that have not been touched by ideal MCT (nor even simulations).  
Understanding how external deformation modifies particle dynamics and 
mechanical properties is very important for colloidal materials processing and fabrication. 
In Chapter 4, the theory derived in Chapter 2 is generalized to treat the effect of applied 
stress on shear elasticity, cooperative cage escape, structural relaxation, and dynamic and 
static yielding for hard dicolloids. To the best of our knowledge, this is the first theory 
addressing these questions. Experimentalists have found that for relatively small aspect 
ratio hard dicolloids, a striking two-step “double yielding” phenomenon emerges [35, 36].  
This novel phenomenon, which obviously cannot occur for the hard sphere system, is due 
to stress-assisted sequential destruction of the dynamical barriers experienced by 
rotational and CM degrees of freedom. A quantitative interpretation is achieved in 
Chapter 4. 
How short-range attractions modify coupled translational-rotational slow 
dynamics is another interesting question that remains untouched by prior experiment, 
theory and simulation. In Chapter 5, novel predictions for homogeneous and Janus 
dicolloids based on the full NMCT-NLE theory are presented to address this open 
question. Attractive spheres has been well studied. A schematic kinetic arrest phase 
diagram is shown in Figure 1.3. The existence of a new type of constraint, physical 
bonding, leads to the emergence of gels and attractive glasses. Specifically, as three 
cartoon pictures indicate, particles are trapped by a topological caging force only in the 
repulsive glass regime and physical bonding force only in the gel regime. In the 
interesting attractive glass regime, both types of forces are strong enough to trap particles. 
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The dynamic phase boundary (Figure 1.3) also shows repulsive glass-fluid-gel re-
entrancy. The situation is more complicated for nonspherical objects (e.g., dicolloids) 
because the two types of confining forces might yield different degrees of constraint of 
translation and rotation, hence modify translation-rotation decoupling/coupling.  
In Chapter 6, some aspects of the new theory are confronted with very recent 
experiments performed by Kramb and Zukoski, which represents the first study of 
spherical and nonspherical particles that interact via attractive van der Waals forces and a 
soft electrostatic repulsion [19, 34-36]. The calculations are based on realistic interaction 
potentials, and no adjustable fit parameter comparisons are performed. Theory results 
agree very well with experiments.                                 
The thesis concludes in Chapter 7 with a brief summary and discussion of open 
issues and possible future directions for research. 
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1.4 Figures 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1.1 
 
A schematic of the time-dependent scalar displacements of the uniaxial particle CM and 
cumulative rotational angle.  
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Figure 1.2 
 
Pictures of the uniaxial particles discussed in this dissertation using the coupled 
translational-rotational glassy dynamic theory: hard and sticky diatomics of varied aspect 
ratio, L/D=2 Janus diatomics, and hard tangent three-rods and four-rods.  
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Figure 1.3   
 
A schematic of the kinetic arrest phase diagram for spheres in short-range attractions. 
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CHAPTER 2 
THEORY OF COUPLED TRANSLATIONAL-
ROTATIONAL GLASSY DYNAMICS IN DENSE 
FLUIDS OF UNIAXIAL PARTICLES 
 
2.1 Introduction 
 Glassy dynamics and kinetic structural arrest is of broad interest and relevance in 
both thermal liquids and colloidal and nanoparticle suspensions [1, 2]. Despite intense 
theoretical and simulation activity in this area over the last decade or two, with few 
exceptions the focus has been on simple spherical particle model fluids. In reality, most 
thermal glass-forming materials involve more complex elementary constituents, the most 
generic aspect of which is anisotropic particle shape. A similar diversity exists at the 
nanometer and colloidal scales where large aspect ratio disks, rods, ellipsoids, and 
spherocylinders are classic nonspherical objects [3, 4]. Recent advances in materials 
science [5-7] have led to the creation of a vast array of nonspherical colloids and 
nanoparticles, perhaps the simplest of which is a “dicolloid” which is the analog of a 
homonuclear diatomic molecule of variable length-to-width ratio.  
Microscopic ideal mode coupling theory (MCT) [8, 9] studies of dense fluids of 
hard core ellipsoids [10] and homonuclear diatomics [11] have been recently performed. 
Many interesting results have emerged, including the prediction of a plastic glass state 
and a non-monotonic dependence of the ideal glass transition volume fraction and 
transport coefficients on particle aspect ratio. These predictions have been partially 
confirmed via computer simulation of related models in the dynamic crossover regime 
[12-15]. However, the strict MCT nonergodicity transition is known to be an artefact of 
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neglecting nonperturbative activated barrier hopping processes, and simulations have 
found evidence of the qualitative importance of rotational hopping even in the dynamical 
crossover regime [13].  
Schweizer and collaborators recently developed and widely applied a first 
principles microscopic theory of strongly activated single particle center-of-mass 
translational dynamics in fluids and suspensions of hard spheres [16] and non-rotating 
nonspherical objects [17, 18]. The starting point is the simplified naïve mode coupling 
theory (NMCT) [16, 19] as restricted to center-of-mass (CM) translational motions [17]. 
Despite the limited number of questions that CM-NMCT addresses, it has successfully 
treated within a mathematically and conceptually simple framework ideal kinetic 
vitrification for hard spheres [16], hard linear molecules [17], re-entrant glass-fluid-gel 
melting in dense attractive sphere and nonspherical particle fluids [18, 20, 21], and partial 
and full localization in binary mixtures of hard and sticky spheres [22]. In the beyond 
MCT nonlinear Langevin equation (NLE) theory [16, 23] (and simulation [24]), MCT-
like critical power law behavior emerges as a crossover phenomenon associated with 
activated hopping over relatively low barriers. Specifically, the variation with volume 
fraction of the relaxation time and self-diffusion constant in the beginning stages of the 
barrier hopping regime can be empirically fit by a critical power law form despite being 
beyond the ideal MCT arrest transition [16]. Connections with jamming in granular 
media [25] have also been made [26]. However, explicit treatment of rotational dynamics, 
both at the NMCT and beyond levels, has not been achieved.  
The goal of this chapter is to generalize the NMCT and nonlinear Langevin 
equation theories for nonspherical particles to explicitly treat orientational dynamics. 
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This new theoretical approach sets the stage for studying novel slow dynamic, 
mechanical and rheological properties of nonspherical particles due to the coupled nature 
of translational and rotational motions, which will be discussed in Chapters 3-6. In this 
chapter, Section 2.2 derives the CM-NMCT from a more general site perspective and 
reviews the CM theory based calculation of shear elasticity, dynamic free energy and 
barrier hopping time. Section 2.3 presents the new approach at the NMCT level and three 
special limits are examined in Section 2.4. Extension of the theory to treat activated 
dynamics is given in Section 2.5. Extension to treat the effects of applied stress are given 
in Chapter 4. 
  
2.2 CM-NMCT and NLE Theories 
The central quantity in NMCT is the time correlation function matrix of forces 
[17] felt by sites i and j on a tagged molecule due to the surrounding molecules,  
( ) (0) ( )ij i jK t t f f . Based on standard MCT projection and factorization 
approximations, the real forces are replaced by an effective force between site i on the 
tagged molecule and site k on a different molecule given by ( ) /B ikk T dC r dr , where 
Bk T  is the thermal energy, and ikC  is the site-site direct correlation function. In a 
Fourier-resolved representation, ( )ijK t  involves the quantity 
 2 ( ) ( , ) ( ) ( , )ijijq C q S q t C q q t  
, where ( , )ij q t  and ( , )ijS q t  are the corresponding matrix 
elements of the dimensionless single molecule and collective density fluctuation dynamic 
structure factors, respectively. The force correlations temporally decay in a parallel 
fashion via collective relaxation of the surrounding media as quantified by the matrix 
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( , )S q t

 , and via tagged particle motion as quantified by ( , )q t

. Assembling these 
theoretical elements one obtains [17, 22]:  
2 ( ) ( )
2 3
,
2 2 ( ) ( )
2 3
,
1(0) ( ) ( ) ( ) ( ) ( ) ( , ) ( , )
3 (2 )
1 ( ) ( ) ( , ) ( ) ( , )
3 (2 )
N
ij kl
i j ij ik jl kl S C
k l
N
ij kl
ss ij S kl C
k l
dt q q C q C q S q q t q t
d q C q q q t S q q t
 
 
 
 
   
  


qf f
q
        (2.1) 
where   is the molecular number density, the second line has used the symmetry relation 
for a site-equivalent (number of sites = N) molecule, ( ) ( )ij ssC q C q , where “ss” refers to 
site-site, and normalized (at t=0) single molecule and collective dynamic “propagators” 
are defined as  
                             ( ) ( , ) ( , ) / ( )ijS ij ijq t q t q       (2.2) 
                             ( ) ( , ) ( , ) / ( )klC kl klq t S q t S q      (2.3) 
The single molecule dynamic structure factor matrix is  
[ ( ) (0)]( , ) i ji tij q t e
 q r r                                       (2.4) 
where ( ) sin( ) /ij ij ijq qb qb  (for rigid molecules) and ijb  denotes the distance between 
the center of site i and j.      
We now transform from the site representation to the center-of-mass and 
orientation representation using  i CM ir R b 
  ( ib

 denotes the vector pointing from the 
center-of-mass to the center of site i) and rewrite Eq. (2.2) as 
  [ ( ) (0)]( ) [ ( ) (0)]( , ) / ( )CM CM i jiq b t bij iq R t RS ijq t e e q
 
       (2.5) 
Eq. (2.5) makes explicit the fact that both CM translational and rotational motions 
contribute to the temporal decay of the single molecule site-site density correlations. To 
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recover the original CM version of NMCT [17, 18], relaxation is assumed to occur solely 
via center-of-mass translation  
[ ( ) (0)]( ) ( , ) ( , )CM CMiq R t Rij CMS Sq t e q t
   
      (2.6) 
( ) ( , ) ( , )ij CMC Cq t q t        (2.7) 
which follow from Eq. (2.5) if  ( ) (0)i ib t b
 
, i.e. molecules do not dynamically rotate. 
Eqs. (2.6) and (2.7) can alternatively, and more generally, be viewed as a special case of 
the “dynamic site equivalency” approximation that is utilized in the next section to treat 
rotations. Using Eqs. (2.6) and (2.7) in Eq. (2.1) yields 
2 2
2 3
1(0) ( ) ( ) ( ) ( ) ( , ) ( , )
3 (2 )
CM CM
i j s ss ss ij S C
dt S q q C q q q t q t 
 
   
qf f  (2.8) 
where the site-site level collective static structure factor is  
   1
, 1
( ) ( )
N
ss ij
i j
S q N S q

                             (2.9) 
Since only CM motions are retained, the sole relevant force-force time correlation 
function is  
2 2
2 3
, 1
( ) (0) ( ) ( ) ( ) ( ) ( , ) ( , )
3 (2 )
N
CM CM
CM i j s ss ss ss S C
i j
N dK t t S q q C q q q t q t 
 
     
qf f   (2.10) 
where the total single molecule static structure factor is 
 
1 1
, 1 , 1
sin( )
( ) ( )
N N
ij
ss ij
i j i j ij
qb
q N q N
qb
  
 
                        (2.11) 
Equation (2.10) can be explicitly rewritten in the purely CM dynamical theory 
form by first recalling the Reference Interaction Site Model (RISM) integral equation in 
Fourier space for site-site equilibrium pair correlations of a fluid composed of identical 
interaction sites [27]: 
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( ) ( ) ( ) ( ) ( ) ( ) ( )ss ss ss ss s ss ss ssh k k C k k k C k h k                                     (2.12) 
         1
1( ) ( ) ( )
( ) ( )ss ss s ss ss s ss
S k k h k
k C k
 
 
  

   (2.13) 
where s N   is the site number density, and ( )ssh k  is the Fourier transform of the 
intermolecular site-site total correlation function, ( ) ( ) 1ss ssh r g r  . For hard core 
interactions the site-site Percus-Yevick (PY) closure is [27]: 
( ) 0 ,ssC r r D                    (2.14) 
The CM and site level total structure factors are related by adopting the “rigid particle” 
approximation [28] discussed in depth previously [17]:  
                    ( ) ( ) ( )ss ss CMS k k S k                                                 (2.15) 
At the CM level the Ornstein-Zernike relation of an atomic liquid applies [29]: 
1( ) 1 ( )
1 ( )CM CM CM
S k h k
C k


  

                                           (2.16) 
Comparing Eqs. (2.13) and (2.14) one has: 
                      ( ) ( ) ( )CM ss ssC k N k C k                                                  (2.17) 
    ( ) ( )
( )CM ssss
Nh k h k
k
                                              (2.18) 
which are equivalent statements of the “rigid particle” mapping. Combining Eqs. (2.15)-
(2.17) yields the CM-NMCT theory for the force time correlation function 
2 2
2 3
1( ) ( ) ( ) ( , ) ( , )
3 (2 )
CM CM
CM CM CM S C
dK t S q q C q q t q t
 
  
q   (2.19) 
For liquids, ( , )CMS q t  and ( , ) 0
CM
C q t   as t  , but for ideal solids, these 
normalized dynamic correlation functions or propagators are nonergodicity parameters or 
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Debye-Waller (DW) factors. Within NMCT they are taken to be of an Einstein oscillator 
(harmonic solid) form [16, 17, 19] 
2 2( , ) exp( / 6)S locq t q r               (2.20) 
2 2( , ) exp( / 6 ( ))C loc CMq t q r S q              (2.21) 
where rloc is the CM localization length, and the classic deGennes narrowing correlation 
of the relaxation rate of collective density fluctuations with the inverse of the structure 
factor [16, 29] is included in Eq.(21). This correction to a literal Vineyard approximation 
[16, 19, 29] ( ( , ) ( , )CM CMS Cq t q t   ) is quantitatively important and can be motivated in 
several ways. The most transparent follows from a short time analysis of ( , )CMS q t  in the 
overdamped limit where [22]: 
   2 10( , ) ( ) ( , )CM CM CM
d S q t q D S q S q t
dt
      (2.22) 
and D0 is the short time self-diffusion constant. Solving for ( , )CMS q t  yields 
 
2 22
0
( ) /6 ( )/ ( )( , ) ( ) ( ) CM CMCM q r t S qq D t S qCM CM CMS q t S q e S q e
    (2.23) 
The second equality follows from the underlying assumption of short time Fickian self-
diffusion. Equation (2.23) is relevant to the ideal glass problem since particle localization 
occurs on short length scales. This motivates the identification of ( , )CMS q t   in 
NMCT via 2 2( )CM locr t r   (or equivalently the replacement
2
06 locD t r ), thereby 
yielding Eq. (2.21). This arrested short time dynamics analysis is an alternative 
motivation for the Gaussian Debye-Waller factors of Eqs. (2.20) and (2.21). 
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Using Eqs. (2.20) and (2.21) in Eq. (2.19), the localization length can be self-
consistently computed which can be shown to be equivalent to enforcing an equipartition 
relation given by [16, 17, 22]:  
2( ; ) / 2 3 / 2CM loc loc BK t r r k T            (2.24) 
The NMCT self-consistency equation for the localization length is then  
2 2 1( /6)[1 ( )]2 2 2
3
1 ( ) ( )
9 (2 )
loc CMq r S q
loc CM CM
dqr q C q S q e

   

           (2.25) 
which is identical in form to that for an atomic (sphere) fluid [16]. 
 The above derivation of the CM-NMCT self-consistency equation is from a more 
general site perspective. It is the non-rotating limit of the translational-rotational NMCT 
that is discussed in the next section. Other CM-theory equations have been well 
documented in literature. Below they are briefly reviewed. 
 NMCT in conjunction with a standard Green-Kubo formula and projection-
factorization simplifications allows calculation of the glassy elastic shear modulus [17, 18] 
2
2 2 2
2
0
' ln( ( )) exp{ / 3 ( )}
60
B
CM loc CM
k T dG dq q S q q r S q
dq
  
  
 
                          (2.26) 
 The CM-NLE theory describes the scalar displacement of a particle from its 
initial position, r(t), which obeys the following closed nonlinear stochastic equation in 
the overdamped limit: 
( ( ))( ) ( )
( )
dyn
s
F r tdr t f t
dt r t
 

  

                                             (2.27) 
where /s B sk T D   is the short time friction constant, the random thermal forces 
satisfies (0) ( ) 2 ( )B sf f t k T t    , and sD  is the CM short time self-diffusion 
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constant. The key quantity in Eq. (2.27) is the dynamic free energy, ( ( ))dynF r t , which 
describes within a local equilibrium dynamic density functional framework the effect of 
the surrounding particles on a tagged particle. In terms of CM variables it is given in 
units of the thermal energy by [17, 18] 
2 2 2
1
3 1
( ) ( )( ) 3ln( ) exp (1 ( ))
(2 ) 1 ( ) 6
CM CM
dyn CM
CM
C q S qdq q rF r r S q
S q




 
     
  


             (2.28) 
Minimization of Eq. (2.28) with respect to r can be shown to be equivalent to solving the 
NMCT self-consistent equation (Eq. (2.25)). 
 When there is a finite solution of locr  for Eq. (2.25), the system is in activated 
dynamic regime and the mean first passage or barrier hopping time in the high friction 
overdamped (diffusive barrier crossing) limit follows from Kramers theory [16, 18]: 
                                                0
2 exp B
s BB
F
k TK K
 

 
  
  
                                            (2.29) 
Where 2 /s s BD k T   (site diameter D), BF  is the barrier height, and 0K  and BK  are 
the absolute magnitudes of the well and barrier harmonic curvatures in units of 2/Bk T D , 
respectively. The hopping time is closely related to the alpha relaxation time of glassy 
materials.  
 
2.3 NMCT for Rotating and Translating Uniaxial Particles 
The nature of rotational localization, and the possibility of a partial localization 
transition into an orientationally ergodic but translationally arrested “plastic glass” state, 
is not addressed by the CM-NMCT. The starting point for generalization is the first line 
of Eq. (2.1) for the site level force time correlation function matrix. Knowledge of the 
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single molecule and collective density fluctuation matrix dynamic structure factors or 
propagators, and how they are related to CM and rotational motions, is the source of the 
high technical complexity in extending MCT for spheres to nonspherical objects within 
either the site [11] or Euler rigid body formulations [10]. To render this aspect tractable 
in a physically transparent and tractable manner that allows extension to treat barrier 
hopping, we propose the “dynamic site equivalency” approximation (DSE). For the 
single molecule dynamic structure factor matrix this corresponds to approximating all 
matrix elements by the average  
   ( ) ( , )( , ) ( , )
( )
ij ss ss
S S
ss
q tq t q t
q


         (2.30) 
                                      ( ) ( , )( , ) ( , )
( )
ij ss ss
C C
ss
S q tq t q t
S q
                      (2.31) 
The physical idea is that the long time site level dynamics is of a “slaved” nature due to 
the rigid body nature of translations and rotations. This technical simplification does not 
imply rotational and translational motions are a priori slaved. Hence, dynamic 
heterogeneity effects, such as rotation-translation decoupling, can still be potentially 
treated via solution of the stochastic NLE equations as fully worked out for spheres. 
Although the effective forces and structure are determined at the interaction site level, the 
approximate propagators, which become DW factors in the kinetically arrested state, are 
formulated in terms of the particle CM displacement, rCM, and cumulative rotational 
angle in the “Einstein formulation”:  
0
( ) | ( ) | , ( ) ' ( ')
t
t t t dt t     
                   (2.32) 
where   is the angular velocity.  
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 This approach is general in the sense that it can be applied to any uniaxial object. 
In this dissertation, the objects that we are interested are summarized in Figure 1.2. 
Below we only present formulas related to these objects. 
For diatomics, site level forces can be expressed as the force on a particle CM, 
1 2CMF f f 
 
, and the corresponding torque on the rotational degree of freedom, 
1 2( / 2) ( )T b u f f  
   , where u  is the unit vector along the particle axis and b is the 
bond length. The Einstein description of an ideal solid in the long time kinetically 
arrested limit is adopted, which for homogeneous diatomics yields [30]:    
( ) 1 2 2 2 2
2
0
( , ) 2 ( ) ( / 2)(4 1)exp (2 1) / 2 exp( / 6)ssS ss l loc loc
l
q t q j qb l l l q r 



 
          
   
 (2.33) 
where  2( ) (0)loc CM CMr r t r  
   and 2 ( )loc t    are the CM localization 
length and angle (dynamic order parameters), respectively, and j2l(x) is the spherical 
Bessel function of order 2l. The deGennes-corrected Vineyard approximation relates the 
collective DW factor to its single particle analog as is [30] : 
( ) 1 2 2 2 2
2
0
( , ) 2 ( ) ( / 2)(4 1)exp (2 1) / 2 exp( / 6 ( ))ssC ss l loc loc CM
l
q t q j qb l l l q r S q 



 
          

 (2.34) 
 Using Eqs. (2.1), (2.30), (2.31), (2.33) and (2.34), two coupled self-consistent 
equations for the dynamic order parameters can be derived [30] in terms of localized state 
translational and rotational “spring constants”: (0) ( )CM CM CMK F F t 
 
 and
(0) ( )ROTK T T t 
 
 . The NMCT self-consistency equations can be written more 
generically for a fluid of N identical site linear objects as: 
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     2 2 ( )2
0
1 ( ) ( , ) ( , )
18
N
loc CM loc ROT locr dq q V q q r q 

        (2.35) 
      
2
2 2 ( )
2
0
exp( / 2) ( ) ( , ) ( , ) ( )Nloc loc CM loc ROT loc N
b dqV q q r q q  


        (2.36) 
Three key quantities enter: (i) a “vertex” that can be interpreted as proportional to a 
Fourier-resolved total force on the particle CM [26]: 
     4 2( ) ( ) ( )CM CMV q q S q C q     (2.37) 
(ii) the CM Debye-Waller factor 
 2 2 11 /6( ) loc CMq r SCM q e
 
      (2.38) 
and (iii) the rotational DW factor which consists of a product of two terms which are 
specific to the particular uniaxial object. For the N=2 diatomic one has [30]: 
           
2
(2) 2 2 2
2
0
( , ) ( ) 2 ( / 2) (4 1)exp (2 1) / 2ROT loc ss l loc
l
q q j qb l l l  



 
     
 
   (2.39) 
2
1 sin( )( ) 1
48 ( )ss
qbq
q qb
 
   
 
         (2.40) 
 Generalization of NMCT to three and four site rods is straightforward since they 
are also uniaxial objects. The only technically new aspect enters via specification of the 
torque. Specifically, CMF 

1 2 3f f f 
  
 and 1 2 3 4f f f f  
   
, and the total torque T 

 
1 3( )bu f f 
   and 1 2 3 4( / 2) (3 3 )b u f f f f   
    , for N=3 and 4, respectively. Eqs. (2.35) 
and (2.36) are modified solely via the rotational DW factor. Straightforward analysis, 
explained in depth in Ref. [30] for N=2, yields for the three-rod [31] : 
 26 
 
 
2
(3) 2 2 2
2
0
1 sin( )( , ) ( ) 1 4 4 ( ) (4 1)exp (2 1) / 2
3ROT loc ss l locl
qbq q j qb l l l
qb
  



  
        
  
          
(2.41) 
3
1 sin(2 )( ) 1
18 ( ) 2ss
qbq
q qb
 
   
 
         (2.42) 
and the four-rod [31] : 
   
2
2(4) 2 2
2 2
0
( , ) ( ) (3 / 2) ( / 2) (4 1)exp (2 1) / 2ROT loc ss l l loc
l
q q j qb j qb l l l  



 
      
 
      
(2.43) 
             4
5 sin( ) 3sin(2 ) 3sin(3 )( ) 1
48 ( ) 2 10 10ss
qb qb qbq
q qb qb qb
 
     
 
                       (2.44) 
In Chapter 5 we will discuss Janus diatomics which contain one hard and one 
sticky site. For this type of object, site-inequivalence (site A   site B in terms of 
interactions) needs to be explicitly considered, which leads to the following formulation 
of the two coupled NMCT self-consistency equations   
2 2 1 2 2 2 2
2
00
( ) exp{ [1 ( )] / 6}{ ( / 2)(4 1)exp[ (2 1) ]}loc CM CM loc l loc
l
r dqV q q S q r j qb l l l 
 
 

     
    (2.45) 
2 2 2 1 2
0
2 2 2
2
0
( )exp( / 2) exp{ [1 ( )] / 6}
{ ( / 2)(4 1) exp[ (2 1) ]}
loc ROT loc CM loc
l loc
l
dqV q q S q r
j qb l l l
 


 


   
   


                               (2.46) 
where, 
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2
4 2 2
2
2
2
2 sin( )( ) 1 [ ( ) ( ) ( ) ( ) ( ) ( )
9
2 ( ) ( ) ( ) 2 ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) 2 ( ) ( ) ( ) ( )
2 ( )
CM AA AA AA BB BB BB
AA AA AB AB BB BB AB AB AA AB BB
BB AB AA AB AA AB AA
AB
qbV q q q C q S q q C q S q
qb
q C q C S q q C q C q S q q C q S q
q C q S q q C q C q S q
q C
  

  
 


 
    
 
   
  
 2( ) ( ) ( ) 2 ( ) ( ) ( ) 2 ( ) ( ) ( ) ( )]BB AB BB AB AB AB AB AA BB ABq C q S q q C q S q q C q C q S q  
(2.47) 
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4 2 2
2
2
2
sin( )( ) 1 [ ( ) ( ) ( ) ( ) ( ) ( )
12
2 ( ) ( ) ( ) 2 ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) 2 ( ) ( ) ( ) ( ) 2 (
ROT AA AA AA BB BB BB
AA AA AB AB BB BB AB AB AA AB BB
BB AB AA AB AA AB AA AB
b qbV q q q C q S q q C q S q
qb
q C q C S q q C q C q S q q C q S q
q C q S q q C q C q S q q
  

  
  

 
    
 
   
  
2
) ( ) ( ) ( )
2 ( ) ( ) ( ) 2 ( ) ( ) ( ) ( )]
BB AB BB
AB AB AB AB AA BB AB
C q C q S q
q C q S q q C q C q S q 

 
 
(2.48) 
The standard statistical-mechanical formula for the glassy shear modulus of 
spherical particle systems is based on projecting the microscopic stress onto bilinear 
collective density fluctuation modes and 4-point correlation functions are factorized [32]. 
We have generalized this to molecules at the site level, thereby accounting for the 
influence of translational and rotational localization on elasticity. The result for 
homogeneous diatomics is: 
2 2
4 2 2 2 1
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For Janus diatomics, the result is 
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Equations (2.49) and (2.50) literally apply in the ideal glass state, and are employed in 
our approach as a sensible approximation of the intermediate time plateau of the stress 
relaxation function associated with the transiently localized state.  
 
2.4 Limiting Cases 
Examination of three limiting cases for homogeneous diatomics provides physical 
insight concerning the dominant relaxation channel.  
 
2.4.1 Effectively Frozen Rotation 
Consider an isotropic fluid of globally randomly oriented diatomics. Now imagine 
the molecules dynamically translate but do not rotate. This corresponds to 0loc  in Eq. 
(2.35), which then reduces to the CM version of NMCT [17] of Eq. (2.25). Although not 
literally true, this simplification is relevant [30] for small aspect ratio diatomics due to the 
dominance of high wavevector force correlations. Indeed, if one sets 0loc   in Eq. 
(2.35), then the amplitude of the vertex in Eq. (2.35) is independent of q at high 
wavevectors [17]. Alternatively, the effectively frozen rotation limit corresponds to CM 
translation being far more effective at relaxing intermolecular forces than rotational 
motions. Such a simplification must overpredict the tendency to localize since rotational 
motions provide an additional mechanism for escaping confining forces and torques. 
 
2.4.2 Effectively Ergodic Rotation 
The opposite limit of frozen rotation assumes rotational motion is fluid-like 
( loc   ). This limit is expected to be relevant at low aspect ratios where only the CM is 
 29 
 
localized and the system is in a plastic glass state. Setting loc    in Eq. (2.35), one 
obtains: 
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(2.51)   
Unlike the frozen rotation limit, which can never be exact since 0loc   does not satisfy 
Eq. (2.36), ergodic rotation can be exact for a plastic glass. The wavevector scaling of the 
vertex in Eq. (2.51) is also different than the frozen rotation (CM-NMCT) case [17]; it 
grows as ~ q4 at small wavevectors, and decays to zero as ~1/q4 in the high q limit. Hence, 
the non-monotonic dependence of the vertex on q implies the existence of a characteristic 
intermediate wavevector and hence length scale. 
 The shear elasticity for diatomics in plastic glass state can be calculated by setting  
loc    in Eq. (2.49), which leads to 
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(2.52)  
 
2.4.3 Effectively Frozen CM 
In analogy with the frozen rotation model, one can consider the frozen CM limit 
corresponding to molecules starting in equilibrated, locally correlated positions that are 
locked in place. Although this limiting case cannot be literally realized in experiment, we 
shall show it is relevant to understanding the predictions of the full NMCT theory for 
high aspect ratios. Setting 0locr   in Eq. (2.36), the frozen-CM NMCT equation is: 
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The limiting vertex scaling with wavevector is again different. At small q the vertex 
increases as ~ q6, while it saturates (q-independent) at high wavevectors. 
 
2.5 Coupled Translation-Rotation Nonlinear Langevin Equation 
      Theory 
The NLE approach goes beyond ideal MCT to treat single particle activated 
barrier hopping. It was initially developed for spheres based on a heuristic, but physically 
motivated, generalization of NMCT [16]. Subsequently, it was derived from microscopic 
time-dependent statistical mechanics for one-component spherical particle fluids based 
on dynamic density functional and local equilibrium ideas [33]. Our generalization to the 
technically more complex nonspherical particle problem followed the heuristic route. 
In the lightly coarse grained spirit of model A of dynamic critical phenomena [34], 
the two coupled nonlinear Langevin stochastic equations of motion for the scalar CM 
displacement and cumulative rotational angle dynamical variables are given in the 
overdamped limit as [30]: 
( , ) 0T CM dyn CM T
CM
d r F r f
dt r
  

   

       (2.54)  
( , ) 0R dyn CM R
d F r T
dt
   


   

        (2.55) 
where dynF  is a 2-dimensional dynamic free energy surface,  the white-noise random 
force, Tf , and random torque , RT  , satisfy 
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(0) ( ) 2 ( )T T B Tf f t k T t            (2.56a) 
(0) ( ) 2 ( )R R B RT T t k T t               (2.56b) 
(0) ( ) 0T Rf T t             (2.56c) 
and T and R  are short-time translational and rotational friction constants, respectively. 
In the long time limit the key NMCT quantities (0) ( )CM CMF F t
 
  and (0) ( )T T t
 
  obey: 
,(0) ( ) 3 / ( , ) / | 0loc locCM CM loc B loc dyn CM CM rF F t r k T r F r r       
 
                        (2.57) 
,(0) ( ) 2 / ( , ) / | 0loc locloc B loc dyn CM rT T t k T F r          
 
       (2.58) 
Based on the local equilibrium idea [33], the ensemble-averaged localization length and 
angle that enter KCM and KROT in NMCT are replaced by their instantaneous dynamical 
variable analogs. The two-dimensional dynamical free energy surface then follows via 
integration as [30]: 
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  
      (2.59)        
By construction, NLE theory reduces to ideal NMCT if the random thermal noise is 
ignored, or a dynamic Gaussian approximation is made, a limit that effectively “turns off” 
hopping [33]. We note that constructing of ( , )dyn CMF r   surface is not unique, that is it 
depends on the integration path. There is no general resolution of this issue. In our 
application we have considered several limiting paths, and found only the one 
implemented in Eq. (2.59) produces physically consistent results for all systems 
examined. However, there is no ambiguity that at the NLE level [Eqs. (2.54) and (2.55)] 
the CM force and torque are uniquely given. 
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The computation of the short time friction constants, or corresponding short time 
diffusion constants, /T B TD k T  and /R B RD k T  , which enter the NLE theory is a 
nontrivial problem for nonspherical particles. To the best of our knowledge, no analytic 
results exist for site rods, even in the dilute solution limit. However, dilute solution 
hydrodynamic results [35] (indicated by a subscript zero) are available for a related shape, 
the prolate ellipsoid, in the form of Perrin friction factors which are multiplicative 
adjustments to the translational and rotational friction of a rigid ellipsoid relative to the 
analogous Stokes-Einstein-Debye result for spheres of the same volume. We invoke a 
simple mapping where a prolate ellipsoid is required to have the same aspect ratio 
(p=L/D) and volume as the site rod. This implies the length of the long and short axis (a 
and b) of an ellipsoid is uniquely determined, yielding for the diatomic:  
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and three-rod: 
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These diffusion constants are dimensionless, expressed in terms of the sphere (diameter, 
D) analogs : ,0 / (3 )
sphere
T B sD k T D and
3
,0 / ( )
sphere
R B sD k T D .  
Now, in general the short time translational diffusion constant is smaller than its 
dilute solution Stokes-Einstein analog due to binary collisions and/or two particle 
hydrodynamics [1, 16]. For hard spheres, the ratio of the short time to dilute solution 
translational diffusion constant is well described as 0/ ( )sD D g D , where g(D) is the 
contact value of the pair correlation function [16]. However, the short time dynamics 
correction is generally not known for multi-site objects. Hence, we proceed by assuming 
the ratio of nonspherical and spherical particle short time diffusion constants equals its 
dilute hydrodynamic limit value, i.e., in the dimensionless units of Eqs. (2.60)-(2.63): 
,0T TD D and ,0R RD D . Our nondimensionalization convention corresponds to using as 
the unit of time the elementary short time dynamic time scale : 2 /s sD D  , where D is 
the site diameter, and Ds is the translational short time diffusion constant of the  hard 
sphere fluid.  
Langer [36] generalized Kramers theory based on the idea that the system follows 
a saddle point trajectory corresponding to a path of least resistance (minimum barrier 
height) on an effective free energy surface. In the context of the NLE theory, this analysis 
allows a mechanistic interpretation, in analogy with how one thinks about a chemical 
reaction, for how a nonspherical particle escapes the dynamical caging constraints 
(elementary step of the alpha relaxation process in analog with a chemical reaction), and 
the associated time scale. The latter is influenced by both the barrier height and entropic-
like factors associated with the width or curvatures of the saddle and localization well 
regions. The mean first passage time is given by [22, 36]:   
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                                              (2.64) 
where BK  is the matrix of second derivatives at the saddle point, 0K is the matrix of 
second derivatives at the localization length and angle,    is the sole positive eigenvalue 
to the characteristic equation det( ) 0 BI D K  where the dimensionless D  is the matrix 
of short-time diffusion coefficients, I is the identity matrix, and 2 /s sD D   sets the time 
scale where Ds is the short time translational diffusion constant for a hard sphere fluid.  
To understand the role of the local surface curvature effects in the 2-d Kramers 
calculation, one can also compute the mean barrier crossing time associated solely with 
the saddle path trajectory. This is a 1-d Kramers calculation, which directly follows from 
Eq. (2.29) [16, 37]. The associated reaction coordinate involves system-specific and 
thermodynamic state dependent coupling of CM translation and rotation.  
 Eq. (2.29) also works under ergodic-rotation condition based on the 1-d cut of the 
dynamic free energy surface: ( , )dyn CMF r    , which satisfies the following equation  
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 For low aspect ratio objects, as shown in detail in the following chapters, the 
dynamic free energy surface may present a two-barrier landscape. In this situation, Eq. 
(2.64) only computes the relaxation time of the first-step rotational barrier hopping 
process rot . When rotational motion dynamically equilibrates (hopping over the first 
barrier) faster compared to CM translation, an irreversible, orientational diffusion picture 
applies [38]. The corresponding renormalized friction constant increases as
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,R R hop rot    , and the rotational hopping diffusion constant is estimated as 
2
, ( ) / 4hop rot B loc rotD     (Einstein-Debye relation), where B  denotes the rotational 
displacement at the first-step saddle point barrier. For the second-step barrier hopping 
process on a time scale 2 , rotation is ergodic and the CM translational motion is now 
described by a 1-d NLE with an enhanced friction constant ,2T :  
,2 ,2( ) ( , ) ( )T CM dyn CM T
CM
d r t F r f t
dt r
  

    

                       (2.66)             
The ratio of renormalized to initial (smaller) “short time” friction constants is taken to be 
the same for translation and rotation, ,2 ,/ ( ) /T T R hop rot R      , and hence
2
,2 ,/ 1 / 1 4 / ( )T T R hop rot R rot B locD D D D D        . Based on 
2 /s sD D   and
2
,2 ,2/s TD D  , we then obtain  
1 2 2
,2 / ( / ) [1 4( / )( / ) / ( ) ]s s T s R s rot s B locD D D D D     
                   (2.67) 
where the dimensionless short-time diffusion constants /T sD D  and 
2 /R sD D D  follow 
Eqs. (2.60) and (2.61) for diatomics.  For the two-barrier system, CM barrier hopping 
time is estimated as 2CM rot    .  
Finally, consider the consequences and limitations of our use of scalar dynamic 
order parameters, and hence an isotropic description of CM translation. Possible 
anisotropy of diffusion (along the rod axis versus perpendicular) is not taken into account. 
For low aspect ratio objects, we expect the errors incurred by this simplification are 
minor, and such anisotropy effects are necessarily averaged based on quantification of 
dynamical caging constraints via ensemble-averaged isotropic site-site pair correlations 
[30]. Hence, the strong decoupling of diffusion parallel and perpendicular to the director 
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[39, 40] in a nematic liquid crystal cannot be described. Moreover, any possible 
dynamical precursor of long range orientational correlations on glassy dynamics in the 
isotropic fluid, and/or the formation of a “nematic glass”, are not captured since the 
RISM theory for site-site pair correlations does not account for nematic-like correlations. 
Thus, the “pre-nematic” order driven ideal kinetic arrest predicted to possibly occur in the 
isotropic state close to the nematic phase transition boundary based on molecular [10] 
(not site level [11]) MCT cannot be addressed. In general, the errors incurred by our 
theory if such liquid crystal physics effects are important are unknown, but we have 
attempted to focus on physical situations where long range orientational ordering is not 
important. The scalar nature of our theory also means anisotropic diffusion issues 
associated with “topological entanglements” for long thin rods (L/D>>1) cannot be 
addressed [40]. As discussed previously [12], these effects are not expected to be relevant 
for the nonzero thickness, modest aspect ratio particles of present interest the dynamics of 
which are controlled, to leading order, by excluded volume forces on the rod monomer 
diameter and smaller length scale. Hence, comparison of our results for short rods 
(N=2,3,4) with theories and simulations of long thin rods (N>>1) is neither possible nor 
relevant. 
Extension of the full theory discussed above (under quiescent conditions) to treat 
the effect of applied stress on shear elasticity, cooperative cage escape, structural 
relaxation, and dynamic and static yielding will be presented in Chapter 4.     
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CHAPTER 3 
KINETIC CROSSOVER, ELASTICITY, DYNAMIC FREE 
ENERGIES, CAGE ESCAPE TRAJECTORIES, AND 
GLASSY RELAXATION IN DENSE FLUIDS 
OF UNIAXIAL HARD PARTICLES 
 
3.1 Introduction 
I have generalized the nonlinear Langevin equation (NLE) theory to describe 
coupled center-of-mass (CM) translational and rotational activated dynamics of uniaxial 
particles within the interaction site formalism in Chapter 2. The approach is based on the 
time-dependent scalar displacements of the particle CM and cumulative rotational angle 
as the relevant slow variables, and a 2-dimensional dynamic free energy surface 
determined by equilibrium structure which quantifies localizing forces and torques [1, 2]. 
If hopping is ignored, the NLE theory reduces to a simplified “Naïve” MCT (NMCT). 
Starting from this chapter, a series of activated dynamic properties and phenomena for 
rigid uniaxial particles are investigated using this new approach. In this chapter, the focus 
is the simplest interaction potential: hard-core interactions. The following questions are 
addressed. (1) How does the dynamic crossover and real space nature of the cage escape 
process (relative role of CM translation versus rotation) change as particles become more 
elongated? (2) How does the relaxation time evolve as a function of aspect ratio and fluid 
volume fraction?  (3) What is the role of fluctuations around the saddle point of the 
transition path over the dynamic free energy barrier in accelerating relaxation?  (4) How 
does particle anisotropy modify dynamic fragility under kinetic vitrification conditions 
relevant to colloid experiments? (5) Can one identify any universal behavior?   
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In Section 3.2, new NMCT results including the dynamic crossover phase 
diagram, localization properties and shear elasticity are discussed. Section 3.3 studies 
dynamic free energy surfaces, optimum cage escape trajectories, and their relevant 
geometric and statistical properties. Multidimensional Kramers theory is employed in 
Section 3.4 to calculate the mean relaxation time as a function of volume fraction and 
particle aspect ratio, and dynamic fragility is quantified. The chapter concludes with a 
summary in Section 3.5.   
 
3.2 Numerical Predictions of NMCT  
In this section several NMCT predictions are worked out: the location and “order” 
(discontinuous versus continuous) of the ideal nonergodicity volume fractions for 
translation only (single localization, plastic glass) and simultaneous rotation and 
translation arrest (double glass), CM localization length and rotational angle along, and 
beyond, the ideal glass lines, and the Debye-Waller factors. NMCT is a simplified 
formulation of the ideal mode coupling theory which addresses only the above properties 
and questions. Another goal of this section is to test the reliability of NMCT by 
comparing it predictions with those of the technically far more complex, but rigorous 
within the ideal MCT framework, “full” MCT results [3] for diatomics at the site level. 
  
3.2.1 Ideal nonergodicity phase diagram 
Figure 3.1 (main panel) shows the full NMCT nonergodicity boundaries 
determined from Eqs. (2.35) and (2.36) for hard-core diatomics. Ideal glass transition 
curves in the frozen rotation and frozen CM limits are also included. Three dynamical 
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phases are predicted: fluid (F), plastic glass (PG), and double glass (DG). At low enough 
volume fractions, only the trivial solution of Eqs. (2.35) and (2.36) exists, 
,loc locr     , corresponding to ergodic translation and rotation. Upon increasing 
volume fraction, two types of nonergodicity transitions occur depending on aspect ratio. 
If L/D<1.43, a non-trivial solution of finite locr  and infinite loc  emerges corresponding 
to the fluid-plastic glass transition at a volume fraction fp . Further increase of volume 
fraction leads to a double localization solution corresponding to the plastic glass-double 
glass transition at a volume fraction pd . In contrast, if L/D>1.43 there is only one 
nonergodicity transition corresponding to simultaneous rotation and CM localization at a 
volume fraction fd . As L/D2, the ideal glass transition volume fraction acquires a 
value very close to, but slightly above, that of hard spheres. The plastic glass and double 
glass states merge in a cusp-like fashion at a dynamic “triple point” at L/D=1.43 and 
0.556t  . All  nonergodicity transitions are “first order”, i.e., discontinuous jumps of 
the dynamic order parameter(s).  
The fluid-plastic glass line for L/D<1.43, and the fluid-double glass line for 
L/D>1.43, both represent a CM localization transition and constitute the initial 
nonergodicity boundary encountered as volume fraction is increased. Consistent with 
prior simplified CM-NMCT (frozen rotation) [4], this boundary is a non-monotonic 
function of aspect ratio. Moreover, the hardest to vitrify state occurs at nearly the same 
value of L/D ~1.43 in both versions of NMCT.  
The differences between the full and frozen rotation NMCT ideal glass 
boundaries are largest at intermediate aspect ratios. When the aspect ratio is relatively 
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small, rotation has little effect and the full theory is virtually identical to its frozen 
rotation CM limit for L/D < 1.1. For large aspect ratios, rotation is strongly constrained 
and the assumption it is frozen is a rather good approximation resulting in the full and 
CM version of NMCT glass boundaries approaching each other. As expected physically, 
the full theory always predicts higher volume fractions are required for kinetic arrest 
since rotational motion facilitates fluidity. Of course, rotation becomes more difficult at 
fixed volume fraction as the aspect ratio increases, and hence the double frozen glass 
curve in Figure 1 is a monotonically decreasing function of aspect ratio.   
Our overall conclusion is that the frozen rotation CM-NMCT [4] is qualitatively 
reliable for the restricted question of the location of the first ideal nonergodicity transition. 
However, this is not true of the other limiting case, the frozen CM glass boundary in 
Figure 3.1. If the CM is pinned and the molecule can only rotate then the volume fraction 
for orientational arrest decreases strongly with aspect ratio, as expected. For all aspect 
ratios it lies below the double frozen curve, and undergoes curve crossing with the 
ergodic rotation and frozen rotation ideal glass boundaries.   
 The full site-site MCT [3] for hard diatomics also predicts three dynamical 
phases: fluid, plastic glass, and double glass. The initial nonergodicity boundary as 
spherical symmetry is broken is a discontinuous (type-B) fluid-to-glass line in the full 
MCT, while the plastic glass-to-double glass transition is continuous (type-A). The latter 
is in contrast with NMCT which is based on just two scalar order parameters for which 
all dynamical transitions are discontinuous (type B). Quantitatively, the plastic glass–
double glass boundary in the full MCT is a non-monotonic function of L/D which 
terminates in a cusp-like manner at a triple point at the double glass line at L/D ~ 1.34. In 
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detail this differs from the results in Figure 3.1 where the triple point is the maximum of 
the initial nonergodicity boundary. In full MCT the latter occurs at L/D~1.42, in almost 
perfect agreement with NMCT. The ideal glass transition for L/D=2 is slightly higher 
than that for hard spheres in both the full MCT and NMCT. Quantitatively, the full MCT 
nonergodicity volume fractions are all higher compared to NMCT, as expected. 
 The NMCT self-consistency equations have also been solved for the tangent 
three-rods and four-rods and the results are shown in Figure 3.1 inset. The full (CM 
version, not shown) fluid-to-double glass transition volume fractions are 0.435 (0.389), 
0.401 (0.357), and 0.374 (0.330) for L/D=2, 3, and 4, respectively. As expected, the ideal 
glass transition volume fraction decreases monotonically with L/D, although the 
dependence is rather weak for the modest aspect ratios studied.  Interestingly, the full and 
CM theory predictions differ by a constant factor of ~ 0.045 0.001 .  
The DG1 and DG2 regions indicated in Figure 3.1 inset will be carefully 
discussed in the next section. They correspond to two different types of activated barrier 
hopping processes for the double glass states at the beyond-MCT level.  
  
3.2.2 Localization length and angle 
The center-of-mass localization lengths along the nonergodicity boundaries for 
diatomics are shown in Figure 3.2 (main panel). For low aspect ratio diatomics, /locr D ~ 
0.2 at the plastic glass transition, and is a weakly non-monotonic function of aspect ratio. 
For L/D<1.43, at the plastic glass to double glass transition the CM localization length 
decreases discontinously, which is most apparent at the triple point where /locr D  
changes from 0.201 to 0.133. The NMCT predictions for the CM localization length 
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along the first nonergodicity boundary are quite similar to those of full MCT [3], 
including the weakly non-monotonic dependence on aspect ratio for small L/D, and the 
sharp drop near the aspect ratio corresponding to the most difficult to vitrify state. Along 
the double glass line, /locr D monotonically increases with aspect ratio from ~ 0.03 at 
L/D=1.1 to ~ 0.18 at L/D=2. This trend is expected since the cage size must be smaller to 
constrain the rotational motion at higher volume fraction.  
The inset of Figure 3.2 presents the analogous localization angle results. For all 
aspect ratios, loc discontinuously jumps from infinity to the finite values. The 
localization angle along the double-frozen glass line is roughly a constant at ~ 75  for 
L/D<1.3. Beyond this aspect ratio, loc  decreases quickly, and at the triple point loc ~ 
40 , while for the largest aspect ratio is only ~ 15 . 
In all cases, the CM localization lengths decrease with volume fraction above the 
nonergodicity boundaries as shown in Figure 3.3 for three illustrative diatomic aspect 
ratios and tangent three-rods and four-rods. The log-linear plot of the inset suggests a 
roughly exponential decay. At the ideal glass transition, the localization length is actually 
larger for longer rods, in contrast with the localization angle which is smaller (Figure 3.4). 
This anti-correlation in trends with aspect ratio are interesting, and presumably reflect the 
greater translational freedom at the onset of localization if rod rotation is more restricted.   
 The inset of Figure 3.3 demonstrates an underlying universality roughly exists. 
Specifically, if the CM localization lengths are scaled by an effective site diameter
1/3 1/3( / )effD L D D V  , where V is the molecule volume, and a differential volume 
fraction variable is defined, c  , that quantifies the distance from the ideal (double) 
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glass transition, then all curves nearly collapse. This suggests that upon fixing the 
distance from the dynamic crossover the ratio of the CM “free volume” ( 3locr ) relative 
to the molecular volume of a rod-like particle trapped in cage is roughly a constant for all 
shapes. A similar (weaker) collapse occurs for localization angles if loc  is scaled by D/L 
(inset of Figure 3.4).  Here the conserved quantity is physically expected to be 2locI , 
where I is the moment of inertia of the rod which is 2( / )L D . Note if only tangent 
objects are considered, the collapse is better for both CM localization lengths and angles. 
  
3.2.3 Debye-Waller Nonergodicity Factors  
Figure 3.5 and 3.6 present the self and collective Debye-Waller factors [see Eqs. 
(2.33) and (2.34)] along the double glass line for six diatomic aspect ratios, respectively. 
In the context of an ideal glass transition, these quantities are closely related to the 
intermediate time plateau behavior of dynamic structure factors. Due to partial rotational 
relaxation, the wavevector dependence of the self-DW factors in Figure 3.5 are not 
strictly Gaussian as true for hard spheres within NMCT. A 2-step or plateau-like feature 
occurs at intermediate wavevector for modest aspect ratios. The shape of the collective 
DW factors in Figure 3.6 are similar to their self-counterparts but with additional 
oscillations that arise from the deGennes narrowing correction factor in the CM Deybe-
Waller factor (see inset). Such oscillations are expected based on the full ideal MCT [3], 
but are absent if the collective DW factor is replaced by its Vineyard analog as discussed 
in Chapter 2. 
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3.2.4 Shear Elasticity  
Representative numerical results for the dimensionless shear modulus (units of 
3/Bk T D ) for diatomics of L/D = 1.15, 1.3, 2, and the sphere analog, are shown in Figure 
3.7. All curves start from the CM ideal kinetic arrest boundary. For L/D = 1.15 and 1.3, 
'G  undergoes a very small, but discontinuous, jump ( loc changes from infinity to a finite 
value) as the PG-DG boundary is crossed. In both the PG and DG states, the shear 
modulus increases roughly exponentially with volume fraction, qualitatively consistent 
with experiment. The slopes of the two PG branches (blue square) are nearly the same, 
and the slopes of the three DG branches (red star) are the same (and nearly identical to 
the sphere results), for all aspect ratios. At fixed volume fraction, 'G is a non-monotonic 
function of aspect ratio due to CM translational localization being the dominant source of 
elasticity. 
  
3.3 Dynamic Free Energy Surfaces, Cage Escape Trajectories, and         
      Reaction Coordinates  
3.3.1 Dynamic Free Energy in the Plastic Glass Phase  
In the plastic glass region of the kinetic arrest diagram, 1-d dynamic free energies 
determined by the CM theory [Eq. (2.28)] and full theory [ergodic-rotation condition, Eq. 
(2.65)] can be compared. Figure 3.8 shows results for aspect ratios of 1.1 and 1.2. The 
comparison is made at a common “distance from the ideal nonergodicity boundary”, i.e. a 
fixed value of c  . As expected, the barrier predicted by the frozen rotation CM model 
is larger, and the localization length is slightly smaller, than the ergodic rotation limit 
results.  Despite this generic difference, overall the dynamic free energy curves 
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determined by the two descriptions are qualitatively consistent for these small aspect ratio 
dicolloids.  
 
3.3.2 Dynamic Free Energy Surfaces in the Double Glass Regime   
The most interesting activated dynamics occurs in the double glass region where 
the CM and rotational degrees of freedom are both temporally localized. The entropic 
barrier hopping process then occurs on a two-dimensional dynamic free energy surface 
( , )dyn CMF r  , with sample results shown in Figures 3.9-3.11 for three representative 
aspect ratios of 1.15, 2 and 4. The volume fractions are chosen to be well above the 
double-frozen glass NMCT boundary in order to most clearly illustrate the cooperative 
nature of activated dynamical trajectories that determine the cage escape or alpha 
relaxation process. In all cases, the saddle point trajectory (lowest entropic barrier) is 
associated with an aspect ratio and volume fraction dependent cooperative translation-
rotation motion. 
 Figure 3.9 shows the dynamic free energy surface for L/D=1.15 at 0.675  . Its 
qualitative form is characteristic of low aspect ratio systems which can exist in a plastic 
glass state.  Specifically, relaxation will occur in a two step activated manner. The lowest 
barrier to be surmounted is associated with mostly, but not entirely, rotational motion, i.e. 
a path almost parallel to the  -axis with the CM position nearly fixed at its localization 
point. One then expects partial rotational equilibration, until random thermal noise 
ultimately drives at longer times hopping over the higher barrier associated with CM 
translation. Hence, a two-step activated process is predicted involving relatively low and 
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high barriers corresponding to a partial separation of time scales, and have strong 
decoupling of translational diffusion and rotational relaxation. 
As the aspect ratio grows, the form of the dynamic free energy surface 
qualitatively changes. Examples are given in Figure 3.10 (L/D=2, 0.56  ) and Figure 
3.11 (L/D=4, 0.51  ). A single saddle point now exists, and a trajectory that follows 
this path involves substantial coupled translational and rotational displacements the 
precise mix of which depends on aspect ratio and volume fraction. One can anticipate the 
numerical solution of the coupled NLE’s will result in a heterogeneous (since it is noise 
driven), but basically one step, relaxation process.  
The “metastable” boundary which divides the double glass phase into two regions 
(DG2: double-barrier system, two-step relaxation; DG1: single-barrier system, one-step 
relaxation) has been presented in the inset of Figure 3.1. Figure 3.9 shows an example in 
the DG2 region, while Figure 3.10 and 3.11 show two examples in the DG1 region. 
The beyond MCT results discussed above are consistent with the idea, previously 
suggested from computer simulation [5, 6] and full MCT [3] studies, that at larger aspect 
ratios CM translational and rotational motions are strongly coupled and the onset of slow 
glassy dynamics occurs at the same thermodynamic state point for translational and 
orientational motions. This is in contrast to low aspect ratio systems where a type of 
decoupling occurs which underlies the existence of the plastic glass state corresponding 
to translational motion being much slower than rotational motion. Recent simulations 
have suggested activated hopping processes are dominant for rotational dynamics at low 
aspect ratios and represent a channel for restoring ergodicity [5, 6]. This observation is 
qualitatively consistent with our dynamical free energy surface for L/D=1.15 and the 
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proposed two step (or two barriers, one low, one high) dynamical scenario. Most recently, 
simulations [7] of weakly anisotropic hard ellipsoids have found a two step relaxation for 
various time correlations where the intermediate plateau can be very low. We suspect this 
behavior is also consistent with our theory (and the DW factors in Figures 3.5 and 3.6), 
but definitive statements require numerical trajectory solution of the stochastic NLEs to 
compute ensemble-averaged time correlation functions.  
We now concentrate on the systems in the DG1 region. The volume fractions for 
Figure 3.10 and 3.11 were chosen such that the entropic barriers are essentially the same 
~ 8 Bk T . Both surfaces exhibit strong cooperative translation-rotation hopping, as 
indicated by a saddle point location involving significant translational and rotational 
displacements. Although somewhat subtle to see, the saddle point location tilts more 
toward the CMr  axis for longer rods, indicating translational motion is more effective at 
relaxing caging forces as particles become more elongated. 
The crucial aspect ratio and volume fraction dependent features of the dynamic 
free energy surface of a DG1 system are : (i) location of the localized state ( ,loc locr  ), (ii) 
location of the saddle point or transition state ( ,B Br  ) , (iii) the barrier height BF , and (iv) 
three characteristic measures  of the “hopping event”: the displacement of the CM and 
angular coordinate, B B locr r r   and B B loc    , respectively, and the dimensionless 
relative displacement that defines the direction of a reactive trajectory on the 2-d surface, 
/B Br D  . Representative values for these quantities are collected in Table 3.1.  
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3.3.3 Transition State Properties 
Figure 3.12 summarizes the dynamic entropic barrier heights as a function of the 
ratio of CM ( CM CM locr r r   ) to rotational ( loc    ) displacements for L/D = 2, 3, 4 
rods at selected volume fractions. The coordinates of minimum barrier height defines the 
saddle point. One clearly sees from Figure 3.12, and also Table 3.1, that the saddle point 
trajectory of longer rods correspond to a significantly larger value of /B Br D  , 
indicating more translational motion is involved in the cage escape activated hopping 
event. This is not a small effect, with /B Br D   varying from of order 0.25 for 
L/D=1.43, to nearly 2 for L/D=4.  Interestingly, Table 3.1 shows this ratio is only a weak 
function of volume fraction compared to its sensitivity to aspect ratio at fixed  . Hence, 
to leading order, /B Br D   is a geometric property of the particle. Figure 3.12 also 
demonstrates that the dependence of the barrier height on /CMr D   near the saddle 
point varies quite a bit with aspect ratio, with the minimum barrier height state becoming 
more sharply defined as aspect ratio increases. 
The corresponding saddle point reaction coordinates are shown in Figures 3.13 
and 3.14 and Table 3.1. This information provides a real space picture of the motional 
mechanism underlying cage escape, akin to a “transition state” in the theory of chemical 
reactions. The location of the CM saddle point increases significantly with aspect ratio, 
but changes rather slowly with volume fraction. The inset shows the corresponding 
displacement of particle from the localization well to the saddle point. The shapes of 
these curves are similar for all aspect ratios, corresponding to a monotonic increase with 
volume fraction with typical magnitudes of a fraction of an interaction site diameter.   
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 In contrast with the behavior of the CM translation, the rotation angle at the 
saddle point (Figure 3.14) decreases with aspect ratio at fixed  , but is also a weak 
function of volume fraction.  The inset shows the absolute rotational displacement, which 
increases monotonically with volume fraction. Different from the analogous CM 
displacements, the shape of these curves strongly depend on aspect ratio, and become less 
sensitive to volume fraction as aspect ratio grows. Note that for the L/D =2,  3 and 4 rods 
the angular displacement is quite small varying over the range of ~ 1-20 degrees. Hence, 
the physical picture of the cage escape event is one where the rods translate a distance of 
order a quarter of a site diameter with only a small amount of angular motion, i.e. the 
leading order relaxation mode is CM translation. This real space picture seems consistent 
with the Onsager’s excluded volume mechanism for the nematic liquid crystal transition 
[8].  Also, very roughly, it is suggestive of the Doi-Edwards picture of the reptative 
escape of long thin rods from the confining cage (“tube”) due to mesoscopic “topological 
entanglements” [9]. However, as discussed at the end of in Section 2.5, a precise 
comparison of our results for dense fluid of short rods with the behavior of long thin rods 
in semidilute solutions that perform anisotropic motion is not possible. 
 
3.3.4 Entropic Barrier Heights 
Figure 3.15 compares the saddle point barriers (first-step barrier for L/D = 1.25) 
of particles of different aspect ratio. To zeroth order, the shapes of all curves are similar, 
both relative to each other, and compared to the analogous CM theory results (not shown). 
To identify the relatively subtle dependence on aspect ratio of how barriers grow with 
volume fraction, we replot the results of Figure 3.15 in a “dynamic fragility” [10, 11] 
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manner in Figure 3.16. To avoid crowding, only results for L/D = 1.25, 1.43, 2 and 4 are 
included which is adequate to establish all trends. The plot is constructed by defining a 
characteristic volume fraction ( g ) at which 10B BF k T , and using a scaled volume 
fraction variable that forces all curves to meet at the chosen BF  reference value. This 
construction is in the spirit of a fragility plot since g  is akin to a dynamic glass 
transition volume fraction and the relaxation time is dominated by the barrier height. As 
seen in Figure 3.16, both the CM and full NLE theories predict fluids of particles with 
smaller aspects ratio are more fragile. But, relative to a hard sphere reference, the CM 
curves of all shapes are less sensitive to L/D than predicted based on the full theory, and 
also are less fragile in an absolute sense. This suggests rotational motion is important to 
take into account in order to quantitatively understand the absolute magnitude and shape 
dependence of dynamic fragility of this class of uniaxial particles. 
The results in Figure 3.16 were based on a reference barrier height of 10 Bk T . 
One can ask how sensitive the conclusions are to this choice? Our motivation was to 
perform calculations relevant to experiments on dense colloidal suspensions where the 
very long elementary Brownian time scale implies equilibrated fluid states are not 
accessible if barriers are of order 20-30 Bk T  (as relevant in atomic or small molecule 
liquids). However, Tripathy and Schweizer have studied this issue for a variety of 
nonspherical hard particle shapes using the CM version of NLE theory [11]. They found 
that how dynamic fragility is related to particle shape is not sensitive to leading order to 
the reference barrier height criterion. We have verified that the trends reported in Figure 
3.16 remain valid for a larger barrier height of 15 Bk T .    
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3.4 Relaxation Times and Dynamic Fragility  
3.4.1 Relaxation Times and Kinetic Vitrification 
 Figure 3.17 shows the mean hopping times for L/D=1.43, 2 and 3 calculated using 
2-d Kramers theory (solid curves), an effective 1-d Kramers theory (dashed curves), and 
the 1-d CM motion only Kramers theory (dotted curves). The full 2-d calculation leads to 
smallest relaxation time due to both translation-rotation cooperation (compared with CM 
theory which dynamically freezes rotation) and the reactive trajectory entropy effect 
(compared with effective 1-d calculation). There are several, roughly aspect ratio 
independent trends of interest.  (i) The largest effect of going beyond the CM theory is 
allowing the optimum cooperative translation-rotation motion as defined by the 1-d 
saddle path. (ii) Saddle point fluctuation effects are quantitatively important, resulting in 
a speed up of relaxation by typically a factor of ~ 3-6 which is not very sensitive to 
volume fraction.  (iii) Relaxation in the full Kramers theory is of 2-3.5 orders of 
magnitude faster than if rotation is dynamically frozen, and is larger as volume fraction 
increases. 
Kinetic vitrification corresponds to the absolute magnitude of a relaxation time 
exceeding the typical measurement time scale. To address this question, we consider a 
colloid of 1 micron diameter which in dilute solution has a Brownian time scale of ~ 1 
second. Experimental probes, such as dynamic light scattering, oscillatory rheology, or 
confocal microscopy, probe relaxation out to time scales ~100-10,000 seconds. Hence, 
for illustrative purposes, we adopt as an experimentally relevant kinetic criterion for 
dynamic glass transition formation 4/ 10CM s   . Based on this criterion and the full 2-d 
Kramers calculations in Figure 3.18 (Note 2CM rot     for L/D = 1.15 and 1.3, 
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calculation details discussed in Section 2.5), the kinetic vitrification volume fractions, g , 
are:  0.613, 0.664, 0.695, 0.711, 0.698, 0.652, 0.597 and 0.563, for L/D = 1 (hard sphere), 
1.15, 1.3, 1.43, 1.6, 1.8, 2, and 3, respectively. Hence, in accord with expectations from 
the NMCT crossover boundaries in Figure 3.1, the glass transition volume fraction is a 
strongly non-monotonic function of aspect ratio. 
 
3.4.2 Dynamic Fragility 
 The question of dynamic fragility for the systems shown in Figure 3.18 is 
addressed by plotting in Figure 3.19 the dimensionless relaxation time as a function of 
the volume fraction nondimensionalized by its kinetic vitrification value discussed above. 
The plots are all upwardly curved corresponding to supra-Arrhenius (nonexponential) 
variation with volume fraction. Overall, the fragility variation with aspect ratio is non-
monotonic with aspect ratio but quite weak. The fragility first increases as spherical 
symmetry is broken, and goes through a maximum at the most difficult to vitrify state of 
L/D~1.43. The results for L/D=1.43, 1.6 and 1.8 (not shown) nearly superimpose, and 
further increase of the aspect ratio results in a smaller fragility or “stronger” glasses.  
Comparison of Figures 3.16 and 3.19 demonstrates the basic fragility trends are due to 
variation of the entropic barrier with particle shape, although the “prefactor” 
contributions to the Kramers time are not negligible. 
 
3.5 Summary  
We have applied our new naïve MCT and nonlinear Langevin equation theories of 
coupled translational-rotational activated dynamics of dense fluids of uniaxial particles to 
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hard diatomics of varied aspect ratio and tangent three-rods and four-rods. The main 
results are summarized by answering the five questions posed in the Introduction (Section 
3.1). 
(1) As the particle aspect ratio increases beyond the triple point, the dynamic 
crossover volume fraction monotonically decreases but in a quantitatively modest manner 
much weaker than an inverse particle length dependence. The real space nature of the 
cage escape process is increasingly controlled by CM translation relative to rotational 
motion as L/D grows. The dimensionless ratio of CM to angular displacement at the 
saddle or transition state increases by over an order of magnitude as the aspect ratio 
grows from 1.43 to 4. The absolute magnitude of the CM displacement at the saddle point 
barrier is of order a few tenths of a site diameter.  
(2) The mean first passage time is a non-monotonic function of aspect ratio at 
fixed volume fraction. The fastest relaxation occurs at L/D~1.43 which corresponds to 
the location of the triple point in the NMCT dynamic crossover diagram. For all particles 
the hopping time grows with volume fraction faster than exponential, and the kinetic 
vitrification volume fraction is a non-monotonic function of aspect ratio that roughly 
mimics its ideal MCT analog.  
(3) Fluctuations around the barrier saddle point and localization well contained in 
the full 2-d Kramers calculation speed up relaxation relative to the 1-d unique reactive 
trajectory Kramers analog by a relatively modest factor of ~3-6. On the other hand, the 
CM theory hopping time is massively reduced by ~2-3.5 orders of magnitude if the 
cooperative rotation-translation paths are exploited to escape the cage constraints. 
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(4) Particle anisotropy does modify the dynamic fragility under kinetic 
vitrification conditions relevant to colloid experiments in a manner that is a non-
monotonic function of particle aspect ratio. However, the overall sensitivity of fragility to 
particle shape is modest.   
(5) Universal behavior has been identified for the localization length and angle 
based on a differential volume fraction that quantifies the distance from the NMCT 
crossover and non-dimensionalization of the CM localization length by the cube root of 
the single particle volume and the localization angle by a moment of inertia related 
quantity.  
More work can be done in two distinct directions. First, stochastic Brownian 
trajectory solution of the two coupled nonlinear Langevin equations can be performed 
which will provide all single particle time correlation functions [12-14]. This allows 
heterogeneous dynamics effects to be more directly investigated such as translation-
rotation decoupling, nonexponential distribution of CM and rotational displacements, 
wavevector-dependent single particle time-dependent structure factor, and nongaussian 
parameters. Confrontation of the NLE theory with computer simulation for various time 
correlation functions can then be performed. Some predictions of our theoretical 
approach for viscoelastic properties have been recently experimentally tested for 
repulsive dicolloid suspensions and good agreement was found [15]. Hopefully advances 
in confocal microscopy will soon allow the direct imaging of coupled translation-rotation 
single colloid trajectories which can provide further tests of our mechanistic activated 
dynamics theory. Second, both the NMCT and NLE approaches can be applied to more 
complex uniaxial particles. Systems that can be studied include homogeneous attractive 
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particles which can exhibit an attractive glass or gel transition and glass-fluid-gel re-
entrancy phenomena [16, 17], and self-assembling “Janus particles” [18] where the 
presence of quenched chemical heterogeneity can strongly modify slow dynamics. In the 
following chapters, results for some of these research directions will be discussed.    
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3.7 Tables 
Table 3.1  
 
Representative numerical results for the saddle point reaction coordinates, displacements 
from the localization well to the saddle point, dimensionless displacement ratio of saddle 
point trajectories (angle in radians), and saddle point barrier height for several aspect 
ratios and volume fractions  
 
/L D    /Br D  
B
(degree) 
/Br D  
B
(degree) 
/B Br D   /B BF k T  
1.43 
0.6 0.173 44.59 0.112 30.27 0.212 1.087 
0.65 0.197 43.62 0.161 35.48 0.261 4.708 
1.6 
0.54 0.168 29.63 0.044 6.88 0.367 0.030 
0.6 0.214 31.26 0.159 22.26 0.410 2.059 
0.65 0.243 32.66 0.209 27.28 0.439 6.547 
1.8 
0.54 0.213 22.27 0.140 13.56 0.592 1.106 
0.6 0.229 22.32 0.193 18.08 0.612 5.776 
0.65 0.249 26.97 0.226 24.28 0.532 14.48 
2 
0.54 0.228 17.11 0.190 13.65 0.797 5.193 
0.6 0.242 21.27 0.224 19.66 0.653 16.05 
3 0.54 0.266 11.18 0.237 9.55 1.423 9.942 
4 0.54 0.293 9.45 0.267 8.41 1.820 14.81 
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3.8 Figures 
 
 
 
 
 
Figure 3.1  
 
Nonergodicity boundaries predicted by NMCT in the volume fraction – aspect ratio 
representation. Four curves indicate: CM nonergodicity boundary under the frozen 
rotation approximation (black circle), pure rotation nonergodicity boundary under frozen 
CM approximation (green triangle), fluid-plastic glass transition (blue square) and double 
glass transition (red sstar). The intersection of the double glass and fluid-plastic glass 
boundaries occurs at a triple point L/D=1.43. (Inset) linear-log scale of the nonergodicity 
boundaries predicted by the full NMCT including results for tangent three rods and four 
rods. The “metastable” boundary (see details in the text) which divides the double glass 
phase into two regions (blue circle) is also shown.   
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Figure 3.2  
 
CM localization length as a function of aspect ratio along the nonergodicity boundaries: 
fluid-plastic glass boundary (blue solid square), double glass boundary (red solid star), 
and plastic glass at the plastic glass-double glass boundary (blue dashed circle). The 
black vertical dashed line indicates that at the triple point, rloc /D discontinuously changes 
from 0.201 for the plastic glass to 0.133 for double glass state. (Inset) localization angle 
as a function of aspect ratio along the double glass boundary. The intersection of the red 
solid curve and the vertical dashed line indicates that at the triple point the localization 
angle discontinuously changes to infinity in plastic glass state.   
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Figure 3.3  
 
Localization lengths as a function of volume fraction in the plastic glass or double glass 
region for L/D=1.15, 1.43, 2, 3 and 4. The log-linear inset shows the CM localization 
lengths scaled by an effective site diameter discussed in the text as a function of the 
differential volume fraction, c  .   
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Figure 3.4  
 
Localization angles (in degrees) as a function of volume fraction in the double glass 
region for L/D=1.15, 1.43, 2, 3 and 4. The log-linear inset shows the localization angles 
scaled by D/L as a function of the differential volume fraction. 
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Figure 3.5  
 
Self particle Debye-Waller (DW) factors at the ideal double glass boundary for L/D=1.15 
(solid), 1.3 (dash-dot-dash), 1.43 (dash), 1.6 (dot-dash), 1.8 (dot-dash-dot) and 2.0 (dot).  
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Figure 3.6 
 
Analogous (with Figure 3.5) collective DW factors. Inset: Argument of the collective 
DW factor as a function of wavevector.  
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Figure 3.7 
 
Dimensionless shear modulus, 3* 'G D G , as a function of volume fraction for various 
aspect ratios in the PG (square) or DG (star) state.  Hard sphere results are also shown.   
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Figure 3.8 
 
Dynamic free energy as a function of dimensionless CM displacement for the ergodic 
rotation limit of the full theory (solid curves) and the analogous CM mapping (frozen 
rotation; dashed curves) in the plastic glass region for aspect ratios of: 1.1 (main panel, 
from top to bottom c   = 0.05, 0.1 and 0.15) and 1.2, (inset, from top to bottom c   
= 0.05 and 0.1).  
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Figure 3.9 
 
Dynamic free-energy surface as a function of CM translational displacement and 
rotational angle displacement for    0.675, L/D = 1.15.  
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Figure 3.10 
 
Dynamic free-energy surface as a function of CM translational displacement and 
rotational angle displacement for    0.56, L/D = 2. 
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Figure 3.11 
 
Dynamic free-energy surface as a function of CM translational displacement and 
rotational angle displacement for    0.51, L/D = 4. 
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Figure 3.12 
 
Entropic barrier height as a function of trajectory direction on the 2-dimensional dynamic 
free-energy surface as quantified by the ratio of CM and rotational (radians) 
displacements for L/D=2 (and 0.6), 3 (and 0.57) and 4 (and 
0.55). 
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Figure 3.13 
 
CM displacement at the saddle point as a function of volume fraction in the double glass 
region for L/D=1.43 (orange square), 2 (red circle), 3 (green triangle) and 4 (blue star). 
The inset shows the corresponding particle CM displacement from the localization well 
to the saddle point.   
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Figure 3.14 
 
Rotation angle (degrees) at the saddle point as a function of volume fraction for 
L/D=1.43 (orange square), 2 (red circle), 3 (green triangle) and 4 (blue star). The inset 
shows the corresponding rotational displacement from the localization well to the saddle 
point.  
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Figure 3.15 
 
Saddle point barriers as a function of volume fraction for L/D=1.25 (cyan diamond), 1.43 
(orange square), 1.6 (magenta plus), 1.8 (brown triangle down), 2 (red circle), 3 (green 
triangle up) and 4 (blue star).    
 
 
 
 
 76 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.16 
 
Dynamic fragility plot of saddle point barrier height as a function of the scaled variable 
/ g  , where g  is the volume fraction at which FB = 10kBT, for hard spheres (black 
cross) and linear particles for L/D=1.25 (cyan diamond), 1.43 (orange square), 2 (red 
circle) and 4 (blue star). Results for both the CM (dashed curves) and full (solid curves) 
versions of the theory are shown.  
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Figure 3.17 
 
Comparison of the dimensionless mean hopping time as a function of volume fraction in 
the one-step activated regime for L/D=1.43 (orange square), 2 (red circle) and 3 (green 
triangle) calculated using the 2-d Kramers theory (solid curves), an effective 1-d Kramers 
theory (dashed curves), and the 1-d CM motion only Kramers theory (dotted curves).   
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Figure 3.18 
 
Dimensionless CM mean hopping time (cage relaxation time) as a function of volume 
fraction for L/D=1.15 (cyan diamond), 1.3 (blue star), 1.43 (orange square), 1.6 (magenta 
plus), 1.8 (brown triangle down), 2 (red circle) and 3 (green triangle up) calculated using 
the Kramers theory. The hard sphere result (black cross) is shown for comparison. The 
horizontal dashed line defines a kinetic glass transition at 4/ 10CM s   .    
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Figure 3.19 
 
Dynamic fragility plot in the format of reduced CM mean hopping time as a function of 
the scaled variable / g   (where g  is the volume fraction at which 
4/ 10CM s   ) for 
hard spheres (black cross) and rods of L/D=1.3 (blue star), 1.43 (orange square), 2 (red 
circle) and 3 (green triangle) using the Kramers theory.   
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CHAPTER 4 
STRESS-INDUCED RELAXATION AND YIELDING IN 
DENSE FLUIDS OF HARD NONSPHERICAL COLLOIDS 
 
4.1 Introduction 
A qualitatively new feature of nonspherical colloids is how particle shape impacts 
mechanical properties and slow, intermittent coupled translation-rotation dynamics. For 
hard uniaxial particles, ideal mode coupling theory (MCT) [1-4], simulations [5-7], and 
the activated barrier hopping nonlinear Langevin equation (NLE) approach [4, 8] all find 
shape anisotropy deeply modifies both the ideal (dynamic crossover) and kinetic glass 
transition volume fractions. In Chapter 3, we have studied kinetic arrest, shear elasticity 
and activated relaxation properties in quiescent dense suspensions of hard uniaxial 
colloids based on the coupled translation-rotation NMCT-NLE theory. For symmetric 
hard dicolloids composed of two overlapping spheres (diameter D), a “maximally fluidic” 
state is predicted when the aspect ratio L/D ~1.4 [2-4], intriguingly similar to the 
jamming behavior of granular objects [9, 10]. Below this aspect ratio, plastic glasses exist 
(liquid-like rotations, localized center-of-mass (CM) translation), while above it only so-
called double glasses form (localized translation and rotation) [4]. 
Very recently, kinetic arrest, elasticity, and yielding in dense suspensions of 
nonspherical dicolloids has been studied experimentally [11-14]. Good agreement is 
found between theory and observation for how particle shape and interparticle forces 
affect quiescent dynamic glass or gel formation [11, 12]. However, the influence of 
applied stress on coupled translation-rotation relaxation, elasticity, and yielding has not 
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been addressed by any theory. Besides its broad intrinsic importance, theoretical 
understanding of the fascinating recent observation of two-step “double yielding” in 
dense suspensions of relatively small aspect ratio hard dicolloids remains a major 
challenge [13, 14]. Based on our NLE theory prediction of a 2-step activated barrier 
hopping process for modest aspect ratio dicolloids under quiescent conditions [4], Kramb 
and Zukoski have speculated double yielding is due to stress-assisted sequential 
destruction of the dynamical barriers experienced by rotational and CM degrees of 
freedom [13, 14]. It is notable that this new double yielding phenomenon is qualitatively 
distinct from the double yielding observed for spherical particle attractive glasses which 
is a consequence of competing forces [15]. The key physics for the latter has been 
suggested to be intimately related to the 2-step nature of quiescent relaxation (physical 
bond breaking, followed by topological cage escape) as recently established based on 
simulation [16] and NLE theory [17, 18]. 
This chapter generalizes the NMCT and NLE approaches to treat nonlinear 
mechanical response, and applies the methods to address the following open questions for 
dense fluids of hard (purely repulsive) dicolloids. (1) How does deformation modify the 
dynamic free energy surface, translation-rotation cooperativity of the barrier hopping 
event, and the shear modulus? (2) How does deformation accelerate relaxation leading to 
“dynamic yielding”, a solid-to-liquid transition on the experimental time scale? (3) What 
stress and strain are required to completely destroy localized states (“static” or “absolute” 
yielding)? (4) Do the answers to these questions depend on whether the kinetically 
arrested state is a plastic or double glass? The theory can be used to study dicolloids of 
any aspect ratio. Here we focus on three specific aspect ratios, which best elucidate the 
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key new stress-induced physics for uniaxial hard objects: L/D = 2 (maximum anisotropic 
dicolloid, translation-rotation strongly coupled, one-step activated hopping process), L/D 
= 1.3 (same aspect ratio as experiments where “double yielding” is observed [13, 14], 
two-step activated hopping processes under quiescent conditions, representative of low 
aspect ratio dicolloids) and L/D = 1.15 (extremely low aspect ratio, much stronger 
translation-rotation decoupling than L/D = 1.3 system under quiescent conditions).   
The remaining content of this chapter is organized as follows. In Section 4.2, the 
theoretical generalization to include stress is given. The new approach allows calculation 
of distinctive stress-dependent mechanical and activated dynamic properties for hard 
dicolloids of varied aspect ratios. We first discuss the absolute (“static”) yielding problem 
in Section 4.3. This can be treated at the naive MCT level where flow occurs only when 
the dynamic free energy barrier is destroyed by applied stress (no thermally induced 
barrier hopping). The minimum stress required to do so is called the absolute yield stress 
abs . In Section 4.4, we address the question of how sub-absolute yield stress ( abs  ) 
modifies dynamic free energy surfaces. Localization/transition state coordinates and the 
dynamic free energy barrier height are important quantities characterizing the activated 
barrier hopping process which is directly relevant to “dynamic yielding”. Their stress-
dependence is examined in this section. We also show how deformation modifies the 
elastic shear modulus, a quantity closely related to localization properties. We then 
address the dynamic yielding problem in Section 4.5. In reality, we believe everything 
flows at “long enough” times due to slow relaxation processes. Based on the Kramers 
theory calculation of the activated relaxation time as a function of stress, we discuss 
experimentally-relevant yielding events. For low aspect ratio dicolloids, our results are in 
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good agreement with recent experiments concerning the intriguing “double yielding” 
phenomena [13, 14]. In Section 4.6, a brief summary is given. A more detailed 
comparison of theory and experiment is given in Chapter 6. 
  
4.2 Theory Formulation 
Extension of the theory to include applied stress for nonspherical dicolloids is 
achieved by generalizing the ideas of Kobelev and Schweizer within the NLE framework 
for spherical particle glasses based on a microrheology perspective, and is motivated by 
simulation findings that local dynamics is accelerated in a nearly isotropic manner by 
deformation without a significant change of local packing [19]. For spheres, the specific 
ansatz is stress ( ) induces a constant scalar external force on a tagged particle given by 
2/3 2f D  , which enters the NLE evolution equation as an instantaneous 
mechanical work term: ( ; ) ( ; 0)dyn dynF r F r fr    . Stress increases the localization 
length, reduces 'G , and lowers activation barriers resulting in a direct acceleration of 
relaxation. Hence, deformation can mechanically drive a glass-to-liquid transition on the 
experimental time scale corresponding to “dynamic yielding”. The localization well and 
barrier of dynF  are destroyed at a critical “absolute” (or static) yield stress, abs , 
corresponding to a crossover to purely mechanically-driven flow that does not require 
thermally-induced barrier hopping. For symmetric dicolloids, the dynamic free energy 
surface is thus: ( , ; ) ( , ; 0) 2dyn CM dyn CM micro CMF r F r f r      , where microf  denotes a 
constant force on one site of the tagged particle due to stress. The torque-driven 
mechanical work is absent because the net torque on the tagged particle due to stress is 
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zero for symmetric dicolloids. So this form does capture all the “mechanical work” 
contributions within our simplified isotropic treatment of dynamical displacement. 
However, since translation and rotation are coupled in the two NMCT equations, the 
applied stress modifies both motions in a coupled nonseparable manner. Following the 
ideas developed for spheres [19]: 2/32 /microf A    , where the particle cross-
sectional area A DL  , and   is a constant set to unity. Thus,  
                
2 2/3( , ; ) ( , ; 0) ( / ) /dyn CM dyn CM CMF r F r D L D r                                 (4.1) 
The nonlinear elastic shear modulus follows from Eq. (2.49) where stress enters solely 
via modification of localization state parameters ( )locr  , ( )loc  , for abs  . A 
dimensionless strain   is crudely deduced within an ideal solid-state (or granular) 
framework from the nonlinear stress-strain relation [20]:  
                                           / '( )G                                                                 (4.2) 
Such an equation does not capture dynamic strain effects due to relaxation, which would 
require a full constitutive equation treatment which is not pursued in this thesis. For 
abs  , no localized states exist on the dynamic free energy surface. The NLE could 
be numerically solved, but a Kramers analysis is not applicable and this barrierless 
regime is not addressed in this thesis.   
 
4.3 Absolute Yield Stress and Strain 
Figure 4.1 shows the absolute yield stress as a function of volume fraction for 
three aspect ratios. Three types of yielding behaviors are predicted for the lower aspect 
ratio (1.15, 1.3) dicolloids. At volume fractions corresponding to the quiescent plastic 
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glass (PG) state, only one absolute yield stress exists, beyond which the system changes 
from a PG to fluid (F) state. In a narrow volume fraction region beyond the PG-double 
glass (DG) transition, two absolute yield stresses are predicted. The lower (higher) one 
corresponds to a mechanically driven DG-PG (PG-F) transition. However, the two abs  
curves merge at a higher volume fraction, beyond which only a single absolute yielding 
event exists. This corresponds to a stress-induced qualitative change of the dynamic free 
energy surface from having 2 barriers to a single barrier. Hence, in the limiting “absolute” 
or “static” yielding context where (by definition) thermal activation is absent, our results 
provide a qualitative theoretical basis for the double yielding phenomena [13, 14] of low 
aspect ratio dicolloids (when the PG regime exists), but only in the range ~ 0.57 0.59   
( ~ 0.6 0.65 ) for L/D = 1.3 (1.15). Figure 4.1 also shows that for L/D = 2, there is only a 
single abs  since plastic glasses do not exist. 
The insets of Figure 4.1 demonstrate that the elastic shear modulus decreases with 
stress for the two double (absolute) yielding systems, in a manner that is qualitatively 
akin to the quiescent volume fraction dependence (Figure 3.7). There is a very small, but 
discontinuous, reduction of 'G  at the first yield stress (DG-PG transition). Hence, 
mechanically the DG-PG “transition” would appear to be continuous in practice. The 
curves exhibit a two-step-like decay, as observed experimentally for double yielding 
dicolloids (inflection points of 'G  appear) [13, 14]. The dashed curves show the 
predicted shear modulus if rotations are ergodic, thereby indicating the influence of 
orientational localization on stress storage. 
We now examine several properties at the absolute yield stress as a function of 
volume fraction in Figure 4.2. The main panel shows the dimensionless shear elastic 
 86 
 
modulus at yielding, *yG , for the three aspect ratio dicolloids. In analogy with the 
quiescent results, they all show a roughly exponential dependence on volume fraction. 
For L/D = 1.15 and 1.3, at high enough volume fraction corresponding to the single 
absolute yielding event where a direct mechanically driven DG-F transition occurs, the 
moduli at yielding exhibit nearly the same slope as L/D =  2 results. For lower volume 
fraction where “absolute” double yielding exists, the *yG  corresponding to the (first-step) 
DG-PG transitions shows a weaker volume fraction dependence, therefore a “inflection 
point” emerges. Interestingly, the “inflection point” occurs at the volume fraction very 
close to the double yielding – single yielding crossover for both L/D = 1.15 and 1.3. For 
volume fractions corresponding to plastic glass region under quiescent condition, the *yG  
is associated with the absolute yield stress which drives PG-F transition. The curves (dash) 
smoothly extend (no slope change) to the double yielding region where they are 
associated with the absolute yield stress which drives (second-step) the PG-F transition. 
The existence of an “inflection” point in the *yG  curve at the absolute yield stress 
which destroys the double glass state for low aspect ratio dicolloids is consistent with the 
corresponding CM localization length features as shown in the upper inset of Figure 4.2. 
The CM localization length (solid curves) at the DG-breaking absolute yield stress 
exhibits a non-monotonic dependence on volume fraction. Both its rotational angle 
analog (lower inset) and the CM localization length at the PG-breaking absolute yield 
stress (dash curves) monotonically decay with volume fraction.          
 Based on Eq. (4.2) and the absolute yield stress and *yG  calculations, we can 
transform Figure 4.1 into a abs   representation. As Figure 4.3 shows, all yield strains 
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increase abruptly (but continuously from zero) beyond the dynamic crossover volume 
fraction and show a weak nonmonotonic dependence on volume fraction where 
0.2 0.3y   . Previously, Kobelev and Schweizer showed that in hard sphere system 
[19], the absolute yield strain exhibits nonmonotonic dependence on volume fraction, as 
observed experimentally. Figure 4.3 suggests that this feature maybe universal for all 
particle shapes. The yield strain corresponding to the CM flow driven by deformation 
(final step yielding) exhibits a discontinuous jump at the double yielding – single yielding 
crossover volume fraction for low aspect ratio objects. This is due to a discontinuous 
change of elastic modulus upon changing from a plastic glass to a double glass. These 
results are in the ideal NMCT limit corresponding to an elastic solid perspective. In 
reality, activated barrier hopping processes are present and such a discontinuity does not 
exist. Instead, one can expect that for the two low aspect ratio dicolloids (L/D = 1.15 and 
1.3), the disconnected dashed and solid curve (beyond the double yielding – single 
yielding crossover volume fraction) merge into one continuous curve. 
 
4.4 Stress Dependence of the Dynamic Free Energy Surface 
For real thermal Brownian colloidal systems, one needs to consider the 
consequences of activated hopping and the experimentally-relevant dynamic yielding 
phenomenon on the experimental time scale. This requires one to determine how stress 
modifies the dynamic free energy surface and activated relaxation time. We address the 
first aspect in this section. 
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4.4.1 Basic Features 
Figures 4.4 and 4.5 present representative results for the dynamic free energy 
surface of two systems (DG2 and DG1 regimes, following the classification given in 
Chapter 3): (a) L/D = 1.15, 0.675  (Figure 4.4); (b) L/D = 2, 0.6  (Figure 4.5). We 
aim to understand the basic features of how stress changes the dynamic free energy 
surface for the two different types of systems. This will guide more calculations in 
following subsections to buttress the generic behaviors deduced from Figures 4.4 and 4.5. 
The right inset of Figure 4.4 for L/D = 1.15 shows the surface at 
* 3 / 16.06BD k T   , a high stress but still far below the absolute yield value at 79.91. 
The surface exhibits a double barrier form as present under quiescent conditions (Figure 
3.9) [4]; the two shaded dots indicate the localized state ( locr  and loc ) and saddle point. 
The first-step hopping trajectory is indicated by the curve with an arrow, and corresponds 
essentially to a rotational hopping process with only a tiny adjustment of the CM. 
However, after rotation localization is destroyed (beyond the saddle point), another 
barrier exists along the CM translational motion direction, which represents the second 
(CM) activated event.  
To further quantify the influence of external deformation, one-dimensional (1-d) 
cuts of the dynamic free-energy surface along the saddle reaction trajectory for the first 
barrier process are shown in Figure 4.4 as a function of rotational angle displacement 
(main frame) and CM displacement (left inset, solid curves) for four different stresses 
including the quiescent state; the 1-d dynamic free energy analogs (inset, dashed curves) 
under rotationally-ergodic conditions, ( , )dyn CMF r    , are also plotted for comparison. 
Entropic barrier heights for both processes decrease with stress, but the second barrier 
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decreases much faster. For *  = 0, 16.06, 32.12 and 48.18, the height (in units of Bk T ) 
of the second (first) barrier is ~ 12 (5.5), 6 (4.5), 3 (3.5) and 1 (2), respectively. This 
trend suggests that with increasing stress the second barrier is destroyed prior to the first 
barrier. This deduction is consistent with Figure 4.1 where at 0.675   for L/D =1.15, 
the DG state directly transforms to the fluid state at abs , thereby indicating that when 
first barrier disappears, the second barrier no longer exists. 
It is interesting to establish how stress modifies “reaction trajectories” and the 
degree of rotation-translation cooperativity of the hopping event. The key information is 
encoded in the localization and barrier coordinates of dynF . We find localization lengths 
and angles increase weakly with stress, but strong changes occur for the barrier locations. 
The rotational angle displacement associated with the first barrier saddle point decreases 
with stress, while the CM displacement shows the opposite trend. When *  increases 
from 0 to 48.18, B  drops from ~ 150
  to ~ 75 , while Br  grows from ~ 0.035D to ~ 0.1D. 
In contrast, the second step CM barrier coordinate decreases from ~ 0.45D to ~ 0.13D. 
From an analysis of many saddle reaction trajectories, the following general conclusions 
can be drawn. (i) More small scale translational motion is involved in the first barrier 
process which assists the large amplitude rotational hopping. (ii) The ratio of the CM to 
rotational relaxation times decreases with deformation (less translation-rotation 
decoupling) since the second step barrier decreases much faster with stress. (iii) The CM 
coordinates associated with the two barriers become closer as stress grows, another 
indication of weaker decoupling. (iv) It is possible that at high enough stress the second 
barrier disappears and the system is essentially in the DG1 regime.  
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System (b), L/D = 2, in Figure 4.5 is an example of a quiescent double glass 
system with only one barrier characterized by a coupled translation-rotation activation 
(cage escape) process at all stresses. In contrast to system (a), Br  shows a weaker and 
opposite dependence on deformation (decreasing with stress), and a larger influence on 
B  which drops from ~ 18
  to ~ 5  when *  increases form 0 to 32. In addition, 
translation dominates the barrier hopping process over the saddle point [21], a trend 
which grows as stress increases but to a much lesser extent than in system (a). Such 
difference in the detailed behavior of the dynamic free energy surface could in prinicle be 
probed by time-resolved confocal microscopy which measure single particle translation 
and rotation trajectories. 
At this point, we pose the following questions which are motivated by the basic 
features recognized in this section. We will show more quantitative results to answer 
them in the remainder of this section. (1) How does the dynamic free energy barrier 
height depend on stress for different aspect ratios and volume fractions? For low aspect 
ratio dicolloids, how different are the two types of barriers? (2) Does stress induce 
changes of the CM and rotational properties to different extents? For low aspect ratio 
dicolloids, how does stress modify the coupling of translation and rotation? For large 
aspect ratio dicolloids, does translation dominate more in the barrier hopping process 
under stress? (3) For the hard sphere colloid system [19], elastic shear modulus softening 
is found to occur at lower strain amplitudes for higher volume fraction materials (dense 
materials are more “brittle”). Based on our results for the localization properties as a 
function of stress and Eq. (4.2), does this conclusion hold for nonspherical hard particles? 
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4.4.2 Dynamic Free Energy Barrier Height 
Figure 4.6 compares the dynamic free energy barrier height of the saddle reaction 
trajectory for the rotational hopping process (solid) and barrier height of the effective 1-d 
dynamic free energy under the ergodic-rotation condition (dash) as a function of 
dimensionless stress for L/D = 1.15 at   = 0.62 (green), 0.655 (red) and 0.675 (blue). In 
the inset, black curves represent results for the L/D = 1.3,   = 0.7 system compared with 
the L/D = 1.15 system. The other three curves in the inset represent results for L/D = 2 at 
  = 0.52 (green), 0.57 (red) and 0.6 (blue).  
 For a specific aspect ratio, the curves (both solid and dashed) for the same type of 
barrier show very similar shape at all volume fractions. At fixed stress, the barrier height 
systematically increases with volume fraction. For both L/D = 1.15 and 1.3, the second-
step barrier (ergodic rotation) drops much faster with stress than the first-step rotational 
hopping barrier. However, the rotational hopping barrier height curves show a 
qualitatively different shape for L/D = 1.15 (roughly linear, slightly curved-down as 
stress initially grows) and 1.3 (curved-up) curves, while for L/D = 2 and the second-step 
barrier height (L/D = 1.15 and 1.3) curves are concave. Quantitatively, the stress-driven 
barrier softening effect is stronger for larger aspect ratio dicolloids.   
 
4.4.3 Localization and Transition State Properties 
Figure 4.7 and 4.8 summarize the localization and transition state properties as a 
function of dimensionless stress for L/D = 1.15 and 2, respectively. A qualitatively new 
feature for the L/D = 1.15 hard dicolloids is that the CM location of the rotational 
hopping saddle barrier is a nonmonotonic function of stress. We saw in Figure 4.4 that its 
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location inceases with stress based on the four stresses shown there. However, if stress is 
high enough, this location will eventually decreases indicated in Figure 4.7. We find that 
this nonmonotonicity is a universal feature for all volume fractions. Curves of the CM 
localization and barrier location corresponding to the second-step ergodic-rotation barrier 
(dash) show a similar shape as found previously for hard sphere systems [19]. However 
for the first-step barrier, both the CM and rotational angle displacement at the localization 
and transition state exhibit very different stress dependences.   
 For L/D = 2, interestingly, the curves for rotational angle displacement (not CM) 
at the localization and saddle point as a function of stress exhibit very similar stress 
dependences as for the hard sphere system [19] (barrier location curves are strongly 
curved-up). The CM barrier locations, however, exhibit a nearly linear decay (much 
slower than hard sphere analog) with increasing stress for all volume fractions.  
 To quantify the different influence of stress on the CM and rotational motions, a 
dimensionless relative displacement ratio, /CMr D  , of saddle point trajectories as a 
function of dimensionless stress is plotted in Figure 4.9 for various aspect ratios and 
volume fractions, where CM B locr r r    and B loc    . This ratio increases with stress 
for all aspect ratios, indicating that stress universally enhances the importance of 
translational motion relative to rotational motion in the activated barrier hopping process. 
This effect is stronger for L/D = 1.15 than L/D = 1.3 and 2, and very weakly dependent 
on volume fraction. Hence, it is a property of colloid shape anisotropy. The magnitude of 
/CMr D   strongly depends on aspect ratio, with order of magnitude differences for 
L/D = 1.15, 1.3 and 2 at all stresses. 
 93 
 
 Based on more detailed studies of the entropic barrier and localization/transition 
state properties beyond those in Figures 4.6-4.9, the answer to question 2 raised at the end 
of subsection 4.4.1 is clear. Stress reduces translation-rotation decoupling for low aspect 
ratio dicolloids, and enhances translation-dominance in the activated hopping process for 
large aspect ratio dicolloids. 
 
4.4.4 Strain-induced Modulus Softening 
Figure 4.10 confirms that for nonspherical particles, stress-driven elastic shear 
modulus softening occurs at lower strain amplitudes for denser materials (higher volume 
fraction). This trend is in contrast to the stress dependence [19].  For L/D = 1.15, the 
curve at   = 0.62 shows the double yielding feature in the strain representation. The 
stress representation is shown in the upper inset of Figure 4.1.   
 
4.5 Dynamic Yielding 
4.5.1 Mean Barrier Hopping Time 
We now compute mean barrier hopping times under stress using multidimensional 
Kramers theory [21, 22]. For both DG2 and DG1 systems, the rotational relaxation time 
( rot ) corresponds to hopping over the saddle point ( Br , B ) barrier. For the DG1 state, 
there is a single saddle trajectory and strong translation-rotation coupling, and hence the 
CM relaxation time CM rot  . For the DG2 state, complete CM relaxation requires two 
sequential hopping processes: (i) first ergodic rotational motion is achieved via hopping 
over the first barrier, and (2) on time scales where rotations are fluid, CM hopping over a 
second barrier on a time scale 2 . When these two processes are well separated in time, a 
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simple estimate of the total CM relaxation time is: 2CM rot    , where 2  is computed 
based on 1-d Kramers theory and the partially equilibrated  ( , )dyn CMF r    .  
Figure 4.11 shows representative calculations of rot  and 2  (if it exists) for 
aspect ratios of 1.15, 1.3 and 2, each at two different volume fractions. As in prior studies 
[21],  rot  is normalized by 
2 /s sD D  , where sD  is the short-time translational 
diffusion constant of hard spheres at the same volume fraction. The stress dependence of 
/rot s   depends weakly on volume fraction, but is sensitive to aspect ratio. For example, 
the L/D = 1.15 results are curved-down, while those for L/D = 1.3 and 2 are curved-up. 
The inset shows the corresponding 2  normalized by 
2
,2 ,2/s TD D  , where ,2TD  is the 
renormalized CM diffusion constant for the second-step hopping process. All these 
curves are concave-up, and the qualitative shape is insensitive to both aspect ratio and 
volume fraction.  
We now compare rot  and CM  as a function of stress for the two low aspect ratio 
dicolloids that form quiescent plastic glasses, strongly motivated by the novel double 
yielding phenomena [13, 14]. Figure 4.12 plots rot  and CM , normalized by s , as a 
function of stress for L/D = 1.15 and 1.3 (same volume fractions as Figure 4.11). First 
note that rotational relaxation is many orders of magnitude faster than CM relaxation 
under zero stress quiescent conditions, and more so as aspect ratio (volume fraction) 
becomes smaller (larger), trends qualitatively consistent with simulation [5, 6]. With 
increasing stress, CM  decreases faster than rot , and the two curves essentially merge at 
high stress since barriers are destroyed as abs  . Hence, translation-rotation 
decoupling becomes weaker as stress grows. In a fixed frequency ( ) stress sweep 
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measurement [13, 14], an irreversible yield event corresponds to when the relaxation time 
of a specific motion is ~1/ . We thus adopt the following dynamic simple yield stress 
( ,y dyn ) criterion in the Eyring picture spirit: ,( ) 1y dyn   . If  ,( ) 1y dyn    at zero 
stress, then the motion is fluid-like under quiescent conditions and no yielding would be 
detected. 
 
4.5.2 Double Yielding Phenomena 
 Based on the above physical picture, double (dynamic) yielding occurs for the 
low aspect ratio dicolloid systems when the two types of relaxation time satisfy the 
following conditions: (1) At zero stress, both CM  and rot  > 1/ . (2) CM  > rot  at the 
stress where rot  = 1 (first-step yielding event occurs). Generally, at fixed (high) 
volume fraction we predict double yielding should be observed over a wider probing 
frequency range for the L/D =1.3 dicolloid compared with the 1.15 aspect ratio system 
based on Figure 4.12 and calculations at other (high) volume fractions (not shown). Also, 
since both rot  and  CM  decrease as volume fraction is reduced, the observable 
frequency range of double yielding is predicted to shift to larger values for smaller 
volume fraction. Thus, given a constant probing frequency, only one yielding event will 
exist for low enough volume fraction because rotational motion is always fluid-like 
(frequency too low), and also only one yielding event exists for high enough volume 
fraction because at the yield stress the system is in the DG1 regime where translational 
and rotational dynamical constraints are simultaneously relaxed (frequency too high).     
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4.6 Summary 
In summary, we have presented the first microscopic theory of the nonlinear 
viscoelasticity of dense fluids of nonspherical particles in this chapter. Our results 
concerning dynamic yielding are in good qualitative agreement with recent hard dicolloid 
experiments [13, 14] and provide a first principles explanation of the striking 2-step 
yielding phenomenon (more details are discussed in Chapter 6). Due to the coupled 
nature of translational and rotational motion for nonspherical particles, the phenomena 
exhibited by anisotropic particles are much richer than found for hard spheres [19]. The 
theory has made multiple new predictions with regard to how stress/strain modifies 
translation-rotational reaction trajectories in the entropic barrier hopping process for hard 
dicolloids. These results should be representative for a series of uniaxial colloids and 
should be testable via simulation and confocal microscopy experiments.  
For low aspect ratio particles, stress induces a much stronger barrier softening 
effect on the second-step barrier than the first-step barrier. Since our approach is built on 
entropic barrier hopping as the elementary physical process, this barrier softening 
“mismatch” is the mechanism for stress reducing translation-rotation decoupling. A direct 
result is that for both absolute and dynamic yielding, the interesting double yielding 
phenomena only occur over a window of high volume fractions, which shifts to higher 
values for lower stress-sweep frequency. 
For large aspect ratio dicolloids, only one barrier exists for all stresses. We predict 
that translational motion is then more dominant in the barrier hopping process. To the 
best of our knowledge, experimental study of translation-rotation activated dynamics 
under stress for large aspect ratio particles has not been done. We hope new experiments 
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and simulations will soon be performed to test our predictions for stress-induced 
relaxation and yielding.  
Much future theoretical work is required to address many open issues such as the 
frequency and stress dependent storage and loss moduli, nonlinear rheology of dense gels 
and attractive glasses, formulation of true constitutive equations, and the consequences of 
cluster formation in chemically heterogeneous Janus particle suspensions [23, 24]. In 
next chapter, short range attraction-driven novel activated dynamics is addressed for 
dicolloids.  
 
4.7 References 
[1] M. Letz, R. Schilling, and A. Latz, “Ideal glass transitions for hard ellipsoids,” 
Phys. Rev. E 62, 5173 (2000). 
 
[2] S. H. Chong and W. Götze, “Idealized glass transitions for a system of dumbbell 
molecules,” Phys. Rev. E 65, 041503 (2002). 
 
[3] G. Yatsenko and K. S. Schweizer, “Ideal vitrification, barrier hopping, and 
jamming in fluids of modestly anisotropic hard objects,” Phys. Rev. E 76, 041506 
(2007). 
 
[4] R. Zhang and K. S. Schweizer, “Theory of coupled translational-rotational glassy 
dynamics in dense fluids of uniaxial particles,” Phys. Rev. E 80, 011502 (2009).  
 
[5] S. -H. Chong, A. J. Moreno, F. Sciortino, and W. Kob, “Evidence for the weak 
steric hindrance scenario in the supercooled-state reorientational dynamics,” Phys. 
Rev. Lett. 94, 215701 (2005). 
 
[6] A. J. Moreno, S. –H. Chong, W. Kob, and F. Sciortino, “Dynamic arrest in a 
liquid of symmetric dumbbells: reorientational hopping for small molecular 
elongations,” J. Chem. Phys. 123, 204505 (2005). 
 
[7] C. DeMichele, R. Schilling, and F. Sciortino, “Dynamics of uniaxial hard 
ellipsoids,” Phys. Rev. Lett. 98, 265702 (2007). 
 98 
 
[8] K. S. Schweizer, “Derivation of a microscopic theory of barriers and activated 
hopping transport in glassy liquids and suspensions,” J. Chem. Phys. 123, 244501 
(2005). 
 
[9] A. Donev, I. Cisse, D. Sachs, E. Variano, F. H. Stillinger, R. Connelly, S. 
Torquato, and P. M. Chaikin, “Improving density of jammed disordered packings 
using ellipsoids,” Science 303, 990 (2004). 
 
[10] S. Sacanna, L. Rossi, A. Wouterse, and A. P. Philipse, “Observation of a shape-
dependent density maximum in random packings and glasses of colloidal silica 
ellipsoids,” J. Phys. Condens. Matter 19, 376108 (2007). 
 
[11] R. C. Kramb, R. Zhang, K. S. Schweizer, and C. F. Zukoski, “Glass formation 
and shear elasticity in dense suspensions of repulsive anisotropic particles,” Phys. 
Rev. Lett. 105 055702 (2010). 
 
[12] R. C. Kramb, R. Zhang, K. S. Schweizer, and C. F. Zukoski, “Re-entrant kinetic 
arrest and elasticity of concentrated suspensions of spherical and nonspherical 
repulsive and attractive colloids,” J. Chem. Phys. 134 014503 (2011). 
 
[13] R. C. Kramb and C. F. Zukoski, “Yielding in dense suspensions: cage, bond, and 
rotational confinements,” J. Phys. Condens. Matter 23, 035102 (2011). 
 
[14] R. C. Kramb and C. F. Zukoski, “Nonlinear rheology and yielding in dense 
suspensions of hard anisotropic colloids,” J. Rheology 55, 1069 (2011). 
 
[15] K. N. Pham, G. Petekidis, D. Vlassopoulos, S. U. Egelhaaf, W. C. K. Poon, and P. 
N. Pusey, “Yielding behavior of repulsion- and attraction-dominated colloidal 
glasses,” J. Rheology 52, 649 (2008). 
 
[16] E. Zaccarelli and W. C. K. Poon, “Colloidal glasses and gels: The interplay of 
bonding and caging,” Proc. Natl. Acad. Sci. 106, 15203 (2009). 
 
[17] M. Tripathy and K. S. Schweizer, “Activated dynamics in dense fluids of 
attractive nonspherical particles. I. Kinetic crossover, dynamic free energies, and 
the physical nature of glasses and gels,” Phys. Rev. E 83, 041406 (2011). 
 
[18] M. Tripathy and K. S. Schweizer, “Activated dynamics in dense fluids of 
attractive nonspherical particles. II. Elasticity, barriers, relaxation, fragility, and 
self-diffusion,” Phys. Rev. E 83, 041407 (2011). 
 
[19] V. Kobelev and K. S. Schweizer, “Strain softening, yielding, and shear thinning in 
glassy colloidal suspensions,” Phys. Rev. E 71, 021401 (2005). 
 
[20] R. G. Larson, The Structure and Rheology of Complex Fluids (Oxford University 
Press, New York, 1999).  
 99 
 
[21] R. Zhang and K. S. Schweizer, “Dynamic free energies, cage escape trajectories, 
and glassy relaxation in dense fluids of uniaxial hard particles,” J. Chem. Phys. 
133, 104902 (2010). 
 
[22] J. S. Langer, “Statistical theory of decay of metastable states,” Ann. Phys. 54, 258 
(1969). 
 
[23] S. jiang, Q. Chen, M. Tripathy, E. Luijten, K. S. Schweizer, and S. Granick, 
“Janus particle synthesis and assembly,” Adv. Mater. 22, 1060 (2010). 
 
[24] R. Zhang and K. S. Schweizer, “Kinetic arrest, dynamical transitions, and 
activated relaxation in dense fluids of attractive nonspherical colloids,” Phys. Rev. 
E 83, 060502(R) (2011).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 100 
 
4.8 Figures 
 
 
 
 
 
 
 
 
 
Figure 4.1  
Dimensionless absolute yield stress as a function of volume fraction for L/D = 1.15 
(square), 1.3 (triangle) and 2 (circle). The dash curve indicates a stress-driven PG-F 
transition, and the solid curve indicates a DG-PG transition (if there exists a PG-F 
transition at higher stress) or direct DG-F transition. Insets: dimensionless shear modulus 
3* 'G D G  as a function of dimensionless stress, 3* D   , for two double-yielding 
systems (at the absolute or static yield level). Dash curves indicate the shear modulus 
corresponding to the ergodic-rotation limit in the DG regime. 
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Figure 4.2  
Dimensionless shear modulus (main panel), CM localization length (upper inset) and 
localization angle (lower inset) at the absolute yield stress as a function of volume 
fraction for L/D = 1.15 (black), 1.3 (red) and 2 (blue). Solid curves represent double glass 
properties and dash curves represent plastic glass properties.  
 
 
 
 
 
 102 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 4.3  
Absolute yield strain as a function of volume fraction for L/D = 1.15 (square), 1.3 
(triangle) and 2 (circle). The dash curve indicates a strain-driven PG-F transition, and the 
solid curve indicates a DG-PG transition (if there exists a PG-F transition at higher strain) 
or direct DG-F transition.   
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Figure 4.4 
1-d cuts of the dynamic free-energy surface along the saddle reaction trajectory for the 
first barrier (rotational hopping) process as a function of rotational angle displacement at 
four stresses (from top to bottom: *  = 0, 16.06, 32.12 and 48.18) for L/D = 1.15, 
0.675   (in DG2 regime). Right inset: dynamic free-energy surface at * 16.06  . The 
two shaded dots indicate the localization and barrier saddle points. Left inset: 
Corresponding results (solid curves) as a function of CM displacement. Dash curves 
represent effective 1-d dynamic free energies under the ergodic-rotation condition 
(rotation equilibrated, second barrier process) at the same four stresses.  
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Figure 4.5 
Similar results (in analog with Figure 4.4) for L/D = 2, 0.6   (in the DG1 regime where 
only 1 barrier exists). From top to bottom: *  = 0, 10.67, 21.34 and 32.01. 
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Figure 4.6 
Dynamic free energy barrier height of the saddle reaction trajectory for the rotational 
hopping process (solid) and barrier height of the effective 1-d dynamic free energy under 
the ergodic-rotation condition (dash) as a function of dimensionless stress for L/D = 1.15 
at   = 0.62 (green), 0.655 (red) and 0.675 (blue). Inset: black curves represent results for 
L/D = 1.3 at   = 0.7. Other curves represent results for L/D = 2 at   = 0.52 (green), 0.57 
(red) and 0.6 (blue).  
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Figure 4.7 
CM displacement at the double-localization well (solid, lower curves) and saddle point 
for the rotational hopping process (solid, upper curves), and the localization (dash, lower 
curves) and barrier (dash, upper curves) location of the effective 1-d dynamic free energy 
under the ergodic-rotation condition as a function of dimensionless stress for L/D = 1.15 
at   = 0.62 (green), 0.655 (red) and 0.675 (blue). Inset: corresponding results for the 
rotational angle displacement at the double-localization well (lower curves) and saddle 
point (upper curves).   
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Figure 4.8 
CM displacement at the double-localization well (lower curves) and saddle point for the 
rotational hopping process (upper curves) as a function of dimensionless stress for L/D = 
2 at   = 0.52 (green), 0.57 (red) and 0.6 (blue). Inset: corresponding results for the 
rotational angle displacement at the double-localization well (lower curves) and saddle 
point (upper curves).   
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Figure 4.9 
Dimensionless relative displacement ratio (angle in radians) of saddle point trajectories 
for the rotational hopping process as a function of dimensionless stress for various aspect 
ratios and volume fractions. 
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Figure 4.10 
Ratio of the elastic modulus to its linear response value as a function of strain for L/D = 
1.15 at   = 0.62 (green), 0.655 (red) and 0.675 (blue). Inset: results for L/D = 2 at   = 
0.52 (green), 0.57 (red) and 0.6 (blue).    
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Figure 4.11 
Dimensionless rotational hopping time as a function of dimensionless stress for various 
aspect ratios and volume fractions. Inset: Dimensionless CM hopping time associated 
with the second barrier process (normalized by the effective CM Brownian time, ,2s , see 
text) as a function of dimensionless stress for 4 systems where a double barrier process 
exists. 
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Figure 4.12 
Dimensionless rotational (solid) and CM (dash) hopping times as a function of 
dimensionless stress for L/D = 1.3 at 0.68   and 0.7. The vertical lines locate the stress 
beyond which the system transitions to the DG1 regime, and CM rot  . Inset: analogous 
results for L/D = 1.15 at 0.655   and 0.675.  
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CHAPTER 5 
KINETIC ARREST, DYNAMICAL TRANSITIONS, AND 
ACTIVATED RELAXATION IN DENSE FLUIDS OF 
ATTRACTIVE NONSPHERICAL COLLOIDS 
 
5.1 Introduction 
We have applied the new coupled translational-rotational NMCT-NLE theory to 
study slow activated dynamics of hard uniaxial objects under quiescent conditions in 
Chapter 3. Depending on the degree of anisotropy, the activated dynamics exhibits 
distinctive features for low aspect ratio objects (translation-rotation decoupling, two 
barrier hopping processes, fast rotation and slow translation, plastic glasses at 
intermediate volume fractions) and large aspect ratio objects (translation-rotation strongly 
coupled, one barrier hopping process, no plastic glass) [1]. By constructing dynamic free 
energy surfaces, determining localized and transition state properties, and performing 
Kramers theory calculations, we have quantitatively shown how particles translate and 
rotate to escape the topological caging constraint (entropic barrier hopping process) for 
different aspect ratios and volume fractions [2].      
The results discussed in Chapter 3 set the stage for investigating more 
complicated situations beyond the two basic system parameters – volume fraction and 
aspect ratio. For example, understanding how external deformation modifies particle 
dynamics and mechanical properties is very important for colloidal materials processing 
and fabrication. In Chapter 4 we have made an effort of this kind and studied stress-
induced phenomena of hard dicolloids. The additional parameter there is applied stress 
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( ). If one would like to think in terms of a dynamic phase diagram, in this case it is 
three-dimensional ( , / ,L D  ), with the results in Chapter 3 representing the  =0 limit. 
In this chapter, we discuss another three-parameter problem. Instead of adding 
stress, we add short-range attractions of variable strength, or equivalently reduced 
temperature. For the sphere system, this problem has been addressed by microscopic 
MCT and NLE theories [3, 4], simulations [5] and experiments [6]. Many interesting 
behaviors have been found, such as the emergence of gels and attractive glasses, a re-
entrant glass-fluid-gel transition, nonmonotonic diffusivity as a function of attraction 
strength, and two-step yielding [7]. Different from hard spheres, now another type of 
constraint exists, which is physical bonding. We know that when volume fraction is high 
enough, a tagged particle will be transiently localized in cage due to repulsive forces 
from surrounding particles. For attractive spheres, high volume fraction is no longer a 
necessary condition to trap particles. As long as the attraction is strong enough, particles 
will be transiently localized due to bonding (tightly stick to neighboring particles). A 
simple idea to explain the three types of arrested states for attractive spheres is therefore 
suggested. At low attraction strength but high volume fraction, particles are trapped by 
topological caging forces only – repulsive glass; at lower volume fraction but high 
attraction strength, particles are trapped by bonding forces only – gel; at high volume 
fraction and high attraction strength, both caging and bonding forces are strong enough to 
trap particles – attractive glass. 
Recently the activated dynamics of attractive spheres and a series of non-spherical 
particles (with rotation treated as “frozen”) has been studied in detail by Tripathy and 
Schweizer using the CM NMCT-NLE approach [3, 4]. Many interesting phenomena 
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associated with the three types of activated regime are reported. However, how short-
range attractions modify the coupled translational-rotational slow dynamics of 
nonspherical particles remains untouched by any theory or simulation, even for the 
simple dicolloid system. This chapter addresses this open question. The theory introduced 
in Chapter 2 can be used to study dicolloids of any aspect ratio and different levels of 
attractions between two sites of the particle. Based on exploration of this wide parameter 
space, results for four specific two-site particle systems are discussed below to best 
elucidate the key new physics representative of attractive uniaxial objects. Homogeneous 
dicolloids (hDC) of aspect ratio L/D = 1.15, 1.3 and 2, where each site (diameter, D) 
interacts via a hard-core repulsion plus an attractive exponential tail of range a=0.02D 
(always fixed in this chapter) of variable (but same for both sites) attraction strength   
(in thermal units), and a L/D = 2 maximally frustrated Janus dicolloid (JDC) composed of 
one attractive (same potential as hDC) and one hard-core site.  
The remaining content of this chapter is organized as follows. In Section 5.2, the 
NMCT kinetic arrest or dynamic crossover diagrams for the four dicolloid systems are 
determined based on the two coupled NMCT equations. Interesting questions suggested 
by these dynamic phase diagrams are identified, which will be better elucidated in 
subsequent sections. Section 5.3 addresses the relation between fluid structure and slow 
dynamics. We compare the different fluid structures for the L/D=2 hDC and JDC systems 
and analyze the physical reason why their dynamic phase diagrams look similar. We then 
discuss activated dynamics (beyond the dynamic crossover boundary). Section 5.4 first 
summarizes the features of dynamic free energy surfaces in each activated regime for 
large and low aspect ratio dicolloid systems. Some new activated dynamics regimes are 
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discovered. Section 5.5 discusses localized and transition state properties and the elastic 
shear modulus. How these quantities change from one activated regime to another is the 
focus. Section 5.6 presents many interesting activation relaxation features by examining 
how attraction modifies the CM and rotational relaxation times calculated using multi-
dimensional Kramers theory. The chapter concludes with a brief summary in Section 5.7.    
 
5.2 NMCT Kinetic Arrest Dynamic Crossover Diagrams 
5.2.1 Homogeneous vs Janus (L/D = 2) Dicolloid 
 Figure 5.1 presents the NMCT ideal kinetic arrest map for the two L/D = 2 
dicolloid systems [8]. The hDC system exhibits the following states: fluid (F), repulsive 
glass (RG), attractive glass (AG), and gel (G) states; a reentrant RG  F  AG 
transition region upon increasing attraction strength at high volume fraction; and a RG  
AG transition beyond the cusp-like “nose” feature at 2.2  , which terminates at an “A3” 
point (filled circle) in MCT language beyond which repulsive glasses and gels (or 
attractive glasses) cannot be distinguished based on their localization length. The Janus 
particle exhibits the qualitatively same type of kinetically arrested states, but with 
significant quantitative differences: (i) the re-entrant region is essentially destroyed; (ii) 
the nose feature and gel line occur at significantly higher attraction strength; (iii) RG  
AG boundary is much broader. The inset shows that the localization length and angle 
along the ideal nonergodicity boundary abruptly change from glass-like to gel-like. 
The kinetic arrest maps of these large aspect ratio dicolloid systems are 
qualitatively similar to spheres. The difference between hDC and JDC are quantitative, 
and less than than expected. These findings naturally suggest the following questions for 
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large aspect ratio dicolloids. (1) Why does rotational motion not generate any new type of 
activated regime? (2) Are translation and rotation activated dynamics always strongly 
coupled as suggested by the inset of Figure 5.1? (3) Why is re-entrant region destroyed 
for the JDC? (4) Are there qualitatively different fluid structure features for hDC and 
JDC? If so, why does this not qualitatively affect slow activated dynamics? (5) Is a 
nonmonotonic phase boundary required to observe nonmonotonic relaxation as a function 
of attraction strength? We answer these questions in following sections.   
 
5.2.2 Low Aspect Ratio hDC Systems 
The dynamic crossover maps in Figure 5.2 (L/D = 1.3) [8] and Figure 5.3 
(L/D=1.15) exhibit multiple new interesting features for low aspect ratio dicolloids. In 
addition to the F  PG  RG transition under hard-core conditions, there are six other 
“transitions” (dynamic crossovers) evident based on either a vertical [PG  F  G 
reentrant; RG  PG  AG reentrant (essentially destroyed for the L/D = 1.15 system); F 
 G at lower volume fraction] or a horizontal (F  PG  AG; F  G; G  AG) 
trajectory in the kinetic arrest maps. Moreover, a “dynamic quadruple point” occurs near 
  ~ 2.1 for both systems, where the F, G, PG, and AG states merge, signaling the 
disappearance of the plastic glass for strong attractions (physical bonding). For both 
systems, the RG  AG boundary is negligible. However, the shape of crossover 
boundaries are obviously sensitive to aspect ratio. The double-frozen ideal nonergodicity 
boundary is much smoother and does not show reentrancy for the L/D = 1.15 system 
(Figure 5.3). The F-PG ideal nonergodicity boundary (solid blue) and its extension to the 
activated regime which constitutes the “metastable” G-AG phase boundary (dash blue) 
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shown a nonmonotonic volume fraction dependence for the L/D = 1.15 system but not for 
the L/D = 1.3 system. The “metastable” G-AG phase boundary for low aspect ratio hDC 
divides the double-localized states at high attractions into regions of the DG1-type (one 
barrier, gel) and DG2-type (two barriers, attractive glass). More details are discussed in 
Section 5.4. The change of localization length and angle along the double-frozen ideal 
nonergodicity boundary also exhibits very different features for the two objects. For the 
L/D = 1.3 hDC, a qualitatively new kinetically localized state emerges below the nose 
region along the PG-RG boundary at   ~ 1.25. Its character is revealed in the inset of 
Figure 5.2 and corresponds to jumps of the CM and rotational localization parameters 
from (high) glass-like values to smaller intermediate values. However, the latter are much 
larger than the very small values characteristic of the gel or attractive glass states [8].   
Based on the two kinetic arrest maps, the following questions arise: (1) Why does 
a “plastic gel” not exist? (2) Does the interesting two-step decay of the localization length 
and angle for L/D=1.3 hDC system (inset of Figure 5.2) indicate special physics at the 
beyond-MCT activated dynamic level? (3) Are the activated dynamic signatures of RG, 
G and AG states the same as found for large aspect ratio systems (Figure 5.1)?    
  As discussed in Chapter 3, for low aspect ratio objects, the translation-rotation 
decoupling is a very interesting feature. If only excluded volume interaction exists, 
rotational motion is always localized at higher volume fraction than CM motion. 
However, the gel regime of attractive low aspect ratio hDC forms at volume fractions 
lower than the “metastable” boundary which divides the one-barrier and two-barrier 
regions. This suggests that in this regime, CM and rotational motions are coupled. One 
can therefore expect that for weakly anisotropic particles, by tuning volume fraction and 
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attraction strength, the degree of translation-rotation coupling or decoupling will be 
highly variable. In following sections, this issue is studied in detail.  
 
5.3 Analysis of the Fluid Structure-Dynamics Relations 
It is interesting to ask why the kinetic arrest diagrams for L/D=2 hDC and JDC 
(Figure 5.1) are qualitatively the same? All predictions of NMCT-NLE theory are 
dictated by the packing structure of particles. So, first let us examine the fluid structures 
of the two systems. Below we compare results of the following five representative states 
along the NMCT nonergodicity boundary in Figure 5.1: hard-core, 0.5 nose  , nose, 
1nose    and 2nose   . The subscript “1” denotes sticky site and “2” denotes hard 
site. Figure 5.4 shows the pair correlation functions between two sticky sites for the hDC 
system. At each state, the corresponding curve for the JDC system is very similar 
(therefore not shown) unless two sites are close to contact. To quantify this difference, 
the contact values of  11( )g r  for the JDC are indicated in brackets (legend). For both 
systems, as attraction strength increases, the contact value strongly grows, as expected, 
but this growth is more abrupt for JDC (2~3 times of hDC analog). Janus objects are 
chemically anisotropic and have the tendency to form compact clusters (local self-
assembly) to enhance the favorable attraction between sticky sites.   
Figure 5.5 compares the corresponding partial collective structure factor 11( )S r  
for the two systems at the same five states. An essential difference only exists for 
wavevectors below the wide angle cage peak ( ~ 2qD  ). The emergence of (relatively 
weak) pre-peaks at high attraction strength for the JDC is another indication of the 
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tendency to form compact clusters. On the other hand, the zero wavevector values for the 
hDC system are higher than the JDC system at the same corresponding states, indicating 
long-wavelength density fluctuations (precursor of liquid-vapor-like phase separation) is 
much stronger for the hDC system. Note that for both systems, in the    window of 
interest, no trend of zero wavevector or pre-peak divergence is observed. So, equilibrium 
macrophase or microphase separation is not relevant for our slow activated dynamics 
study. 
For the three states below or at the nose feature, the structure factor curves almost 
collapse for both systems. Beyond the nose, the wide angle cage peak height decreases as 
attraction strength grows indicating weaker short range order, while the structure factor at 
wavevectors lower than the cage peak increases. Physically, the dynamical nose feature 
indicates a crossover from caging force-driven kinetic arrest to bonding force-driven 
kinetic arrest. The magnitude of the caging force at zeroth order can be quantified by the 
intensity of the cage peak. As Figure 5.6 shows, we can understand the disappearance of 
the reentrant feature for the JDC system in Figure 5.1 based on the reduction of cage 
peaks for weak attractions that occurs in the reentrant hDC system but not for the JDC. 
At a fixed volume fraction of 0.5, the cage peaks decrease with attraction strength from 
low values for the hDC, but not the JDC (neither sticky-sticky nor hard-hard partial 
structure factors). 
Figure 5.6 also shows that when the attraction strength is high enough, pre-peaks 
grow with increasing attraction strength. Will this type of low-q weak cluster formation 
physics affect slow dynamics? To answer this question, we perform the following 
exercise. For the two coupled NMCT equations, we replace all terms including the 
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integration over q from 0 to infinity by integration starting from a cut-off q value 
( ~ 3.8cq D ). By doing so, we essentially remove the contribution to the constraining 
forces and dynamics due to the pre-peaks structure of the JDC. The NMCT kinetic arrest 
phase diagrams based on this exercise are shown in Figure 5.7 (dashed curves) for both 
L/D = 2 hDC and JDC systems. The nose feature occurs at lower attraction. For high 
attraction strength, the boundaries almost collapse onto the full results (Figure 5.1). For 
low attraction strengths, c  is higher than exact result with almost identical distance.   
Based on these findings, we can conclude: (1) the wide angle cage peaks are 
roughly constant at fixed volume fraction for the JDC (attraction strength below nose). 
This indicates that the short-range order does not decrease with attraction strength (in 
contrast to the hDC) in the weak attraction regime. A proposed explanation is that Janus 
particle chemical heterogeneity induces frustration, with regards to attraction forces 
weakening the cage order. Because of this, the reentrant phase boundary is destroyed. (2) 
The activated dynamics described by our theory is associated with very local physics. So 
structure features at low wavevectors, although connected to interesting equilibrium 
properties, are not qualitatively relevant (e.g., pre-peaks of JDC are qualitatively 
irrelevant to activated dynamics). High-q (wide angle cage peak and beyond) structures 
largely determine the activated dynamic properties. The hDC and JDC systems show 
very similar packing structures in this wavevector range, therefore exhibiting 
qualitatively the same activated dynamic features.           
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5.4 Dynamic Free Energy Surfaces and Activated Dynamic States 
In what follows, we classify the four systems into two categories: large aspect 
ratio objects (L/D = 2 hDC and JDC) and low aspect ratio objects (L/D = 1.15 and 1.3 
hDC). For the former, beyond the dynamic crossover boundary, all dynamic free energies 
show a unique localization state and saddle point. The different features of RG, G and 
AG states arise from consideration of the saddle point trajectory.   
 Figure 5.8 shows one example of a dynamic free energy surface for the L/D = 2 
hDC system in the attractive glass regime. 1-d cuts along saddle reaction trajectories as a 
function of rotational angle displacement for two other types of activated regimes (RG 
and G) are shown in inset. The basic trends hold for the CM displacement as well. For 
large aspect ratio objects, it is found that translation and rotation are highly coupled in all 
activated regimes. Translational motion dominates the barrier hopping process. The key 
distinguishing feature of a RG (e.g., curve labeled by square) is that both the localization 
and barrier coordinates are glass-like. On the other hand, for the G (e.g., curve labeled by 
“G”) state, both quantities are gel-like. For the AG state, it is interesting to see (e.g., 
curves labeled by triangle and cross) that the localization state is gel-like, while the 
barrier or transition state is glass-like. Its relaxation process is expected to be of a “two-
step” nature corresponding first to breaking bonds followed by cage escape.  
 For low aspect ratio objects, the story is more complicated. The first interesting 
feature is that if the attraction is strong enough, even if the volume fraction is relatively 
low, both translation and rotation are localized. Figure 5.9 shows an example of such a 
gel state for the L/D=1.15 hDC system. Only one saddle point exists implying translation 
 122 
 
and rotation are coupled, in contrast to the analogous hard-core case, e.g., Figure 3.9. The 
activated barrier hopping process is associated with physical bonding breaking only. 
 What are the reaction trajectory signatures in the four types of arrested regimes 
for low aspect ratio dicolloids? Figure 5.10 shows one example corresponding to each 
kinetic arrest regime for the L/D=1.3 hDC system. For the gel state (green), the 
localization and saddle barrier coordinates are both gel-like. Under ergodic rotation 
conditions, the dynamic free energy has no barrier. In the language of Chapter 3, the gel 
is DG1-type. For the other three states, under ergodic rotation conditions, the effective 
dynamic free energies all show barriers. For the plastic glass state (red), rotation is not 
localized. For the repulsive glass state (black), both localization and barrier coordinates 
associated with the rotational hopping process are glass-like. For the attraction glass state 
(green), the localization coordinates change to gel-like. For this type of state, the 
relaxation may be of a remarkable “three-step” nature corresponding first to breaking 
physical bonds followed by faster rotational activated barrier hopping, and finally slower 
CM cage escape. Note both RG and AG are of the DG2-type.  
 So the activated dynamic signatures of G states for low aspect ratio systems are 
qualitatively the same as found for large aspect ratio systems. But for both RG and AG 
states, qualitative differences exist. For low aspect ratio systems, translation and rotation 
are always decoupled indicated by the two-barrier dynamic free energy surface in the RG 
and AG states, although the degree of decoupling depends on volume fraction and 
attraction strength.  
 To better understand different features of the activated dynamic regimes for both 
large and low aspect ratio systems, we investigate how the localization and transition 
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state properties, shear modulus and mean barrier hopping relaxation time change from 
one regime to another in following two sections.    
 
5.5 Localization and Transition State Properties and Shear  
      Modulus 
5.5.1 RGAG Evolution 
 Figure 5.11 compares CM localization lengths (same trend for localization angles, 
not shown) as a function of the attraction strength at a fixed distance from the nose 
feature for the L/D=2 hDC and JDC systems. Several features can be seen. (1) 
Localization lengths sharply change from glass-like to gel-like as the attraction strength 
grows. Specifically, when passing across the ideal NMCT RG-AG boundary in Figure 
5.1, the transition is discontinuous, otherwise a relatively sharp, but continuous crossover 
is predicted. (2) The transition is more abrupt for the JDC than hDC, consistent with the 
fact that the ideal NMCT RG-AG boundary is much broader for the former. (3) The 
transition is less abrupt as volume fraction increases. 
For low aspect ratio hDC, the RG-AG dynamic crossover boundary essentially 
does not exist (see Figures 5.2 and 5.3). Figures 5.12 and 5.13 exhibit how localization 
and transition state coordinates, and barrier heights associated with the two types of 
barriers change with attraction strength for the two low aspect ratio systems. One specific 
high volume fraction is chose for each system [  = 0.67 for the L/D = 1.3 hDC (Figure 
5.12) and   = 065 for the L/D = 1.15 hDC (Figure 5.13)]. The results are representative 
of the generic behaviors for high volume fractions beyond the “nose” feature. For both 
systems, localization lengths and angles associated with the first-step rotational hopping 
process exhibits a crossover from glass-like to gel-like as the attraction strength grows, 
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although it is much more smoother than for the L/D=2 systems. The barrier coordinates, 
on the other hand, are always glass-like, indicating persistent repulsive force caging 
constraint (as found for L/D=2 systems).  
Note that the interesting two-step decay of the localization length and angle for 
the L/D=1.3 hDC system (inset of Figure 5.2) does not lead to special physics at the 
beyond-MCT activated dynamics level. For the second-step CM barrier process, both 
localization and barrier coordinates are glass-like and insensitive to attraction strength. 
Specifically, the length scale separation of the CM displacements associated with the two 
types of barriers is larger for the L/D = 1.15 hDC than for L/D = 1.3 at all attraction 
strengths, indicating that attraction is a weaker factor affecting translation-rotation 
decoupling than the particle shape for low aspect ratio objects. Saddle barrier heights of 
the first-step rotational hopping process show very different behaviors for the second-step 
CM barrier process. For the former, barrier heights slowly decrease with the attraction 
strength, while for the latter, the barrier heights strongly increase with the attraction 
strength as it passes a crossover value. 
 
5.5.2 GAG Evolution 
When the attraction strength is high and volume fraction increases, particles 
undergo a GAG transition. The sharpness of this transition depends on aspect ratio, and 
displays quantitative differences for the L/D=2 hDC and JDC systems. Figure 5.14 
summarizes the results of localization and saddle point rotational angle displacements at a 
fixed attraction strength distance from the nose feature ( 0.75nose   ) for all four 
dicolloid systems. The localization angles are always gel-like, indicating a persistent 
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physical bonding constraint at high attraction strength. The barrier angles change from 
gel-like to glass-like as volume fraction increases. The crossover is most abrupt for the 
L/D=2 JDC. For the two low aspect ratio hDC, the variation of barrier angles is smooth. 
The absolute magnitude of barrier angles as the system enters the AG regime only 
depends on the particle shape: ~ 20  for both L/D = 2 hDC and JDC, ~ 30 60   for the 
L/D = 1.3 hDC, and ~ 60 120   for the L/D = 1.15 hDC.  
The analogous CM displacement behavior is shown in Figure 5.15. Note the CM 
coordinates associated with the rotational hopping process saddle barrier decreases with 
aspect ratio, in contrast to the behavior of the rotational angle in Figure 5.14. This trend is 
consistent with hard core results discussed in Chapter 3. The CM localization (solid thick 
curves) and barrier (dashed thick curves) coordinates of the second-step CM barrier 
process (AG regime) are also shown in Figure 5.15 for the L/D = 1.15 and 1.3 systems. 
Quantitatively, the localization coordinates of the L/D = 1.3 system are about two times 
of the values of the L/D = 1.15 system at fixed high volume fraction, and the barrier 
coordinates of the latter is slightly larger than the former at all volume fractions.   
 
5.5.3 Shear Modulus 
Figures 5.16 and 5.17 present dimensionless shear modulus calculations as a 
function of volume fraction for large and low aspect ratio systems, respectively.  For the 
former, one sees a discontinuous transition upon crossing the ideal NMCT RG-AG 
boundary in Figure 5.1. This is because both the CM localization length and angle, which 
control the shear elastic modulus (Chapter 2), change from glass-like to gel-like upon 
crossing the RG-AG boundary. At higher attraction strength above the “nose” feature, 
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localization coordinates are always gel-like, resulting in high shear modulus for all 
volume fractions beyond the F-G dynamic crossover. Overall speaking, the elastic shear 
modulus of L/D =2 hDC and JDC systems show very similar volume fraction dependence 
at attraction strengths beyond and below the “nose” feature. Since the shear modulus is a 
very local physical property, as analyzed more fully in Section 6.3, this similarity is 
expected. When attraction strength decreases to zero, both systems reduce to hard-core 
dicolloids, results of which (black curve) are also shown in Figure 5.16 as a reference.      
For the low aspect ratio systems, the elastic modulus curves show an obviously 
discontinuous transition corresponding to crossing the ideal NMCT PG-AG boundary 
(Figure 5.17). This is in contrast to the results for the hard-core systems, where the 
discontinuous transition corresponding to crossing the ideal NMCT PG-RG boundary is 
very weak. The reason for this difference is that the localization coordinates change from 
glass-like to gel-like (a big reduction) upon crossing the PG-AG boundary. But when 
crossing the PG-RG boundary, the localization coordinates are still glass-like and only a 
small reduction occurs.  
For all particle shapes and all attraction strengths, the theory predicts a roughly 
exponential volume fraction dependence of the elastic shear modulus. Order of 
magnitude differences exist between G/AG (gel-like localization) and PG/RG (glass-like 
localization) states.        
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5.6 CM and Rotational Activated Relaxation 
5.6.1 Large Aspect Ratio Dicolloids 
For these objects, the CM and rotational activated relaxation are always coupled, 
so only one relaxation time is reported. Figure 5.18 and 5.19 compare the L/D=2 hDC 
and JDC system at a fixed volume fraction distance from the “nose” (Figure 5.1). The 
nonmonotonic dependence of the relaxation time on attraction strength is a universal 
feature, although the JDC system does not exhibit a re-entrant dynamic crossover 
nonergodicity boundary. By closely examining barrier heights and localization/barrier 
coordinates (as suggested by the inset of Figure 5.8), this nonmonotonic behavior is 
understood as due to the change of the transient localization mechanism from caging 
(glass-like localization) to physical bonding (gel-like localization) [8]. For both systems, 
the relaxation time is a striking nonmonotonic function of attraction strength. It is 
systematically weaker, occurs at a lower attraction strength, and becomes less abrupt as 
the volume fraction grows (trend stronger for the JDC).   
  
5.6.2 Low Aspect Ratio Dicolloids 
We first discuss how the rotational and CM relaxation times change with 
attraction strength upon transitioning from the RG to AG regime (vertical direction) at 
high volume fractions beyond the “nose” (Figures 5.2 and 5.3). The results are 
summarized in Figures 5.20 and 5.21 for L/D = 1.3 and 1.15 hDC, respectively. For all 
systems, the CM relaxation time, which represents the cage relaxation time, is a 
nonmonotonic function of attraction strength. This nonmonotonicity is weaker at higher 
volume fractions, consistent with the L/D = 2 systems. Since the CM relaxation time is 
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always larger than the rotational hopping time, translation-rotation decoupling is a 
generic feature in RG and AG states for low aspect ratio dicolloids. However, the 
decoupling is weaker for higher attractions. This effect can be dramatic. For example, for 
the L/D = 1.15 hDC at   = 0.675, /CM rot   is about 100 times smaller as   increases 
from 0 to 1.5.     
How about volume fraction dependence? Figures 5.22 and 5.23 present the CM 
and rotational relaxation times in three cases for L/D = 1.3 and 1.15 hDC, respectively: 
hard-core interaction,   near the “nose” (intermediate attraction strength), and   much 
beyond the “nose” (high attraction strength). If one adopts /CM rot   as a measure of 
translation-rotation decoupling, then insets of Figures 5.22 and 5.23 clearly show that the 
attraction strongly reduces the translation-rotation decoupling, a conclusion consistent 
with Figures 5.20 and 5.21. The volume fraction dependence of  /CM rot   varies with 
attraction strength. Interestingly, for nose  , it shows a nonmonotonic dependence on  . 
At high attraction strength, /CM rot   is only ~ 2-3 for all volume fractions and for both 
systems. So when the attraction is strong enough, the first-step bond breaking process 
dominates the cage escape. For low attractions, such as the hard core case shown in insets 
of Figures 5.22 and 5.23, /CM rot   strongly increases with volume fraction, indicating 
that higher density results in stronger translation-rotation decoupling. 
 
5.7 Summary 
 We have discovered that NMCT-NLE theory yields many interesting predictions 
for the coupled translation-rotation dynamics and shear elasticity of uniaxial attractive 
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colloidal suspensions. The findings are an important addition to the field of colloid and 
nanoparticle science which is presently undergoing rapid expansion in the new direction 
of dense suspensions composed of nonspherical and/or chemically heterogeneous (e.g., 
Janus) particles [9-12]. Comparing with CM theory (frozen rotation) results [3, 4], new 
complexity emerges due to the interplay of rotational degrees of freedom and physical 
bond formation. For large aspect ratio systems, translation and rotation are coupled in all 
activated regimes (RG, AG and G). The similar activated dynamic and shear elasticity 
properties predicted for the hDC and JDC systems are understood as the consequence that 
the very local structure, which controls the local physics discussed in this chapter, are 
very close for the two systems. For the low aspect ratio hDC, four activated regimes are 
predicted. A “plastic gel” is not predicted. Physically, this can be understood as a 
consequence of physical bonds breakage if rotation is ergodic since the particle bond 
length   the attraction range ~ 0.02D. Attractions can greatly reduce translation-rotation 
decoupling of dense low aspect ratio objects. In principle, the translational-rotational 
trajectory signatures in different activated regimes predicted in this chapter can be tested 
by future confocal microscopy experiments and/or computer simulations. 
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5.9 Figures 
 
 
 
 
 
 
 
 
 
 
Figure 5.1   
 
NMCT kinetic arrest diagrams in the representation of contact attraction strength vs 
volume fraction for L/D = 2 hDC and JDC systems. Curves represent ideal nonergodicity 
(dynamic crossover) boundaries at which the localization length and angle 
simultaneously undergo a discontinuous transition. Inset: localization length and angle 
(dashed curves) as a function of attraction strength along the ideal arrest boundaries. 
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Figure 5.2   
 
NMCT kinetic arrest diagrams for the L/D = 1.3 hDC system. Two ideal nonergodicity 
boundaries represent the fluid-plastic glass transition (blue square) and double 
localization transition (red star). The blue dashed curve divides double localized region 
into single barrier regime (G) and double barrier regime (AG). Inset: localization length 
and angle (dashed curve) as a function of attraction strength along the double localization 
boundary. 
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Figure 5.3   
 
NMCT kinetic arrest diagrams for the L/D = 1.15 hDC system. Two ideal nonergodicity 
boundaries represent the fluid-plastic glass transition (blue square) and double 
localization transition (red star). The blue dashed curve divides double localized region 
into single barrier regime (G) and double barrier regime (AG). Inset: localization length 
and angle (dashed curve) as a function of attraction strength along the double localization 
boundary. 
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Figure 5.4   
 
Sticky-sticky site pair correlation functions of L/D = 2 hDC system at selective states (as 
indicated) along the dynamic crossover boundary (Figure 5.1). The contact values are 
shown in legend (numbers in bracket are results of L/D=2 JDC at corresponding state).     
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Figure 5.5  
 
Sticky-sticky site partial structure factors of L/D = 2 hDC system at selective states (as 
indicated) along the dynamic crossover boundary (Figure 5.1). Inset: corresponding 
results for L/D = 2 JDC system. 
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Figure 5.6   
 
Wide angle cage peaks and pre-peaks (for JDC only) of sticky-sticky site partial structure 
factors as a function of attraction strength for L/D = 2 hDC and JDC systems at 0.5  . 
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Figure 5.7   
 
NMCT kinetic arrest diagrams based on the “qc-cutoff” (details in text) calculation 
(dashed curves, filled symbols) for L/D = 2 hDC and JDC systems. Solid curves 
represent exact results (Figure 5.1).  
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Figure 5.8  
 
Dynamic free energy surface as a function of CM and rotational angle displacements for 
L/D = 2 hDC system at 0.52   and 2.4  . The two dashed dots indicate the localized 
state and saddle point. Inset: 1D cuts along the saddle reaction trajectory as a function of 
rotational angle displacement for three 0.52   states:   = 0 (square), 1.8 (triangle) and 
2.4 (cross), and a gel state ( 0.35  , 4  ).       
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Figure 5.9 
 
Dynamic free energy surface as a function of CM and rotational angle displacements for 
L/D = 1.15 hDC system at 0.42   and 2.69  .   
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Figure 5.10 
 
1-D cuts of the dynamic free energy surface along the saddle reaction trajectory for the 
rotational hopping process (if exists) as a function of CM displacements (solid curves, 
main panel) and rotational angle displacements (inset) and effective 1-d dynamic free 
energies (if barrier exists) under ergodic-rotation condition (dashed curves, main panel) 
for four representative kinetic arrested states of L/D = 1.3 hDC system: 0.64  , 0   
(black, RG); 0.57  , 0   (red, PG); 0.4  , 3.19   (blue, G) and 0.63  , 
1.69   (green, AG).  
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Figure 5.11 
 
CM Localization lengths as a function of attraction strength for L/D = 2 hDC (solid 
curves) and JDC (dashed curves) systems at (high) volume fractions fixed distance from 
the nose feature: nose   = 0.025 (red circle), 0.045 (green triangle) and 0.075 (blue 
square).   
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Figure 5.12 
 
CM (main panel) and rotational angle (left inset) displacements corresponding to the 
localized states (circle) and rotational-hopping transition states (square) as a function of 
attraction strength for L/D = 1.3 hDC system at 0.67  . The CM localization (triangle) 
and barrier (star) coordinates associated with the second barrier process (rotation 
equilibrated) are also shown. Right inset: Barrier heights of the rotational-hopping saddle 
trajectory along the dynamic free energy surface (red square) and effective 1-d dynamic 
free energy under ergodic rotation condition (blue star).     
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Figure 5.13   
 
CM (main panel) and rotational angle (left inset) displacements corresponding to the 
localized states (circle) and rotational-hopping transition states (square) as a function of 
attraction strength for L/D = 1.15 hDC system at 0.65  . The CM localization (triangle) 
and barrier (star) coordinates associated with the second barrier process (rotation 
equilibrated) are also shown. Right inset: Barrier heights of the rotational-hopping saddle 
trajectory along the dynamic free energy surface (red square) and effective 1-d dynamic 
free energy under ergodic rotation condition (blue star).     
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Figure 5.14   
 
Rotational angle displacements of localized (solid) and saddle point (dash) states 
associated with the rotational hopping barrier as a function of volume fraction for the four 
systems at attraction strength fixed distance from the nose feature: 0.75nose   .  
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Figure 5.15   
 
CM displacements of localized and saddle point states associated with the rotational 
hopping barrier as a function of volume fraction for the four systems at attraction strength 
fixed distance from the nose feature: 0.75nose    (in legend). Thicker solid and 
dashed curves (blue: L/D=1.3; green: L/D=1.15) indicate the CM localization and barrier 
coordinates under ergodic rotation condition.  
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Figure 5.16  
 
Dimensionless shear modulus 3* ' / BG G D k T  as a function of volume fraction at fixed 
attraction strength for L/D = 2 hDC and JDC systems. The hard-core results are also 
shown. 
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Figure 5.17  
 
Dimensionless shear modulus as a function of volume fraction at fixed attraction strength 
for L/D = 1.15 and 1.3 hDC systems. The hard-core results are also shown. 
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Figure 5.18   
 
Dimensionless mean barrier hopping time (normalized by its limiting value under purely 
repulsive conditions) as a function of attraction strength for L/D = 2 hDC system at four 
(high) volume fractions. (Black) Square, triangle and cross symbols locate three states 
discussed in the inset of Figure 5.10. 
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Figure 5.19   
 
Dimensionless mean barrier hopping time (normalized by its limiting value under purely 
repulsive conditions) as a function of attraction strength for the L/D = 2 JDC system at 
four (high) volume fractions fixed distance (same as the analogous hDC system shown in 
Figure 5.18) from the nose feature. 
 
 
 
 150 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 5.20   
 
Dimensionless CM (dash) and rotational (solid) mean barrier hopping time (normalized 
by hard sphere Brownian time) as a function of attraction strength for L/D = 1.3 hDC 
system at two volume fractions indicated.   
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Figure 5.21   
 
Dimensionless CM (dash) and rotational (solid) mean barrier hopping time (normalized 
by hard sphere Brownian time) as a function of attraction strength for L/D = 1.15 hDC 
system at two volume fractions indicated. 
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Figure 5.22   
 
Dimensionless CM (dash) and rotational (solid) mean barrier hopping time (normalized 
by hard sphere Brownian time) as a function of volume fraction for L/D = 1.3 hDC 
system at three attraction strengths indicated. The vertical dotted line locates the NMCT 
G-AG transition for the highest attraction strength. Inset: /CM rot   as a function of 
volume fraction for the three attraction strengths (same color code as main panel).   
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Figure 5.23   
 
Dimensionless CM (dash) and rotational (solid) mean barrier hopping time (normalized 
by hard sphere Brownian time) as a function of volume fraction for L/D = 1.15 hDC 
system at three attraction strengths indicated. The vertical dotted line locates the NMCT 
G-AG transition for the highest attraction strength. Inset: /CM rot   as a function of 
volume fraction for the three attraction strengths (same color code as main panel).  
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CHAPTER 6 
EXPERIMENT-THEORY CONFRONTATIONS 
 
6.1 Introduction 
 Experimental advances in understanding suspensions of structurally and/or 
chemically anisotropic particles have been limited by two major hurdles [1]. First, 
synthetic methods for producing large quantities of uniform anisotropic colloids or 
nanoparticles are in their infancy. Because the synthetic methods result in particles that 
are not uniform and/or are relatively scarce, exploration of the large array of 
configurations and bulk properties associated with shape and interaction energy 
anisotropy have been limited. Until methods are developed that consistently produce 
uniform particles with reliable anisotropy in large quantities, progress will be slow. 
Second, even when such particles can be synthesized in large quantities, methods for 
characterizing the strength of the anisotropic interactions are poorly developed.  
Very recently, Kramb and Zukoski made remarkable progresses in overcoming 
these two limitations. Employing surfactant-based emulsion polymerization methods [2], 
Zukoski et al. created large quantities of spherical and modestly anisotropic polystyrene 
particles: sphere with diameter D ~ 270  4 nm, symmetric homonuclear dicolloid 
(homodicolloid) of aspect ratio ~ 1.3 with D ~ 250  5 nm, heteronuclear dicolloid 
(heterodicolloid) of aspect ratio ~ 1.1 and sphere diameter ratio ~ 1.2, and a tricolloid 
composed of three equal size overlapping spheres of diameter D ~ 300 25 nm with bond 
length b ~ 0.45D [3]. By controlling suspension ionic strength, the interparticle forces can 
be tuned from repulsive to a system with weak or strong attractive forces [1]. Classic 
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Derjaguin-Landau-Verwey-Overbeek (DLVO) calculations were performed to determine 
the site-site interaction potentials [1, 4]. Calculated results for different ionic strengths 
([I]) are shown in Figure 6.1. All particles are coated with the surfactant C12E6, resulting 
in a bound steric layer approximately 4 nm thick. This layer sets the minimum surface-to-
surface separation where the van der Waals forces from the site cores are operative to be 
8 nm. For computational convenience in the theoretical analysis described below, we 
have fit the numerically determined interaction pair potentials (solid curves) with a 
double Yukawa function as (dashed curves) 
( ) exp 1 exp 1
B a
U r AD D r BD rD
k T r D r D


                 
     
                         (6.1)   
where A is the contact value of the truncated van der Waals attraction (2.3 Bk T ) and a
=0.025D. The parameter B is set at the contact value of the electrostatic repulsion based 
on the zeta potential as measured by electrophoresis, and the screening length is 1/  
where   is the Debye-Huckel parameters. Both B and   vary with ionic strength. 
In this chapter, we report coordinated experimental and theoretical studies of this 
new experimental colloidal system. Theory predictions of kinetic arrest, shear elasticity, 
and nonlinear rheology and yielding properties in dense suspensions of spherical and 
nonspherical colloids are quantitatively confronted with experiment based on no 
adjustable or fit parameters. Before presenting detailed results, several issues concerning 
the theory are discussed as.   
First, the NMCT-NLE approach uses the reference interaction site model (RISM) 
[5] theory of equilibrium correlations as input (Chapter 2). Although we focus on 
relatively simple interaction potentials in previous chapters (e.g., hard-core repulsion plus 
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an attractive exponential tail), there is no restriction for RISM theory, and hence the 
NMCT-NLE can be employed to study more complicated pair potentials now possible to 
realize experimentally.     
Second, the majority of the experimental results discussed in this chapter are 
compared with the CM NMCT-NLE theory (frozen-rotation limit, discussed in Chapter 
2). The CM theory assumes translational motion controls confining force relaxation and 
cage escape [6]. This simplification is reliable for the modestly anisotropic particles of 
present interest concerning kinetic arrest and shear elasticity properties [7]. Moreover, the 
coupled translational-rotational theory (full theory) only applies to uniaxial objects. This 
limitation does not exist for the CM theory, therefore allowing study of the experimental 
tricolloid system. For the properties which are explicitly influenced by rotational 
dynamics, such as the “double yielding” phenomena [4, 8], the experiments are compared 
with the full theory results.  
Third, neither the CM nor the full dynamical theory have been generalized to 
heteronuclear objects (particles composed of sites of different size). However, since the 
aspect ratio of the heterodicolloid system is ~ 1.1 and the site diameter ratio is ~ 1.2 (not 
large), we expect that qualitatively its physical behaviors resemble the theory predictions 
of the L/D = 1.15 homodicolloid system (Chapters 3-5).          
The remaining content of this chapter is organized as follows. In Section 6.2, 
kinetic vitrification, shear elasticity, and the approach to jamming are investigated for 
repulsive nonspherical colloids (homodicolloid, heterodicolloid and tricolloid) and 
contrasted with their spherical analog. In Section 6.3, re-entrant kinetic arrest and shear 
elasticity of spheres and homodicolloids are addressed. We examine how the weak shape 
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anisotropy of uniaxial particles and variable repulsive and attractive forces influence slow 
dynamics in dense suspensions. In Section 6.4, in a more qualitative or semi-quantitative 
manner, we compare the most recent nonlinear rheology and yielding experimental 
results published by Kramb and Zukoski [4, 8] with the full theory predictions discussed 
in Chapters 3-5. Many encouraging agreements are found. Finally, we summarize this 
chapter in Section 6.5.   
 
6.2 Glass Formation and Shear Elasticity in Dense Suspensions of 
      Repulsive Anisotropic Particles 
We discuss the three lowest ionic strength systems in this section: [I] = 0.03, 0.05 
and 0.1 M, which correspond to purely repulsive particles. As Figure 6.1 shows, the pair 
potentials of the three systems are close to a hard-core repulsion. An effective hard 
diameter, effD , is estimated as the distance at which the repulsion is 1 Bk T . The hard 
particle model is a good approximation since the total increase in particle diameter is only 
  ~ 14.00 nm at 0.03 M, 11.55 nm at 0.05 M, and 9.85 nm at 0.1 M, and hence the range 
of the soft electrostatic repulsions is very short ( /D 1). For each particle shape, we 
define a characteristic colloid volume *V  as 3D  (sphere), 2D L  (heterodicolloid), 2L D  
(homodicolloid), and Dbh  (tricolloid) where b and h are the base and height of a triangle 
inscribing the particle.  
 Oscillatory shear mechanical measurements were employed to determine the 
frequency-dependent elastic ( 'G ) and viscous ( ''G ) moduli in the linear response regime 
[3]. In the generalized Maxwell model spirit, a kinetic arrest volume fraction, g , is 
defined in experiment as when 'G = ''G , which correlates closely with other measures of 
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glassy relaxation such as the single particle relaxation on the cage scale. All experimental 
data discussed in this chapter are measured at frequency of 1Hz. This results in the theory 
estimation of g  as ( ) 2g   s.  
Table 6.1 presents the experimental and theoretical kinetic glass transition volume 
fractions at the three low ionic strengths. For the most repulsive system ([I] = 0.03 M), 
g  experimentally increases from 0.48 for the sphere to 0.61 for the tricolloid, with the 
heterodicolloid and homodicolloid in between, thereby showing a large delay of kinetic 
vitrification from increasing shape anisotropy, qualitatively consistent with the theory 
calculations. The ordering of g  can be physically understood as a consequence of the 
reduction of all measures of local structural order at fixed volume fraction as additional 
single particle length scales enter (not shown). Weaker dynamical constraints then lead to 
an increase of g  in the order sphere  homodicolloid  tricolloid. For fixed particle 
shape, g  generally increases with ionic strength, but [I] is a secondary variable that does 
not modify the overall consequences of nonspherical shape.   
 The main frame of Figure 6.2 shows representative CM-NLE theory Kramers 
calculations of the mean barrier hopping time   using the potentials in Eq. (6.1) and the 
a priori computed Brownian short time scale of s  = 0.1s. A supra-exponential increase 
of   with volume fraction is evident. No experimental results are available to test the 
overall volume fraction dependence of  . But as Table 6.1 shows, good a priori (no 
fitting) agreement with experiment is obtained for the shape and ionic strength 
dependence trends of the kinetic glass transition volume fraction g . Quantitatively, the 
theory overpredicts g . 
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 Elastic shear modulus calculations are presented in the upper inset of Figure 6.2 
under hard core conditions. This potential is used to test the effective hard core model of 
repulsive particles and because knowledge of the theoretical scaling behavior [7] and 
jamming limit [9] is only available for hard core potentials. Quickly beyond the threshold 
(NMCT dynamic crossover) region, 'G  increases roughly exponentially with volume 
fraction over the range studied, and the slopes are weakly sensitive to particle shape, in 
accord with experiments in Figure 6.3 [3]. The exponential dependence should be viewed 
as simply a good approximate representation of the numerical 'G  calculations. 
Physically, the   dependence is determined primarily via the increase of local order (and 
hence dynamical constraints) as volume fraction increases. The lower inset of Figure 6.2 
demonstrates 'G  scales as the inverse localization length squared, a testable prediction.  
 Is there an underlying universal behavior of the modulus data? Prior theoretical 
work [7] for hard core dicolloids suggests the answer is yes if 'G  is nondimensionalized 
by *V  defined above, and the distance from the dynamic crossover, ( / ) 1c   , is 
adopted as the relevant reduced volume fraction. The theoretical calculations in Figure 
6.2 are replotted in this doubly reduced fashion in Figure 6.3, and an excellent collapse is 
obtained. Performing the same replotting exercise for the experimental data using 
* *( / )eff effV V   also results in a remarkably good collapse as seen in the main frame of 
Figure 6.3 where c  follows from CM-NMCT. Hence, the theoretical suggestion [7] that 
the relevant fundamental stress level involves the single particle volume, and the relevant 
volume fraction is the distance from the dynamic crossover, is well confirmed. This 
agreement also supports the proposition that the particles can be modeled as effectively 
hard. 
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 Now consider the approach to jamming. For hard spheres, it has been analytically 
predicted by NMCT theory [9] 2 4' ( ) ( )RCPG g D  
    as random close packing (RCP) 
is approached. This motivates a double logarithmic plot of the experimental data versus 
1( )RCP 
 . The inset of Figure 6.3 presents results for all particle shapes, including the 
hard sphere data of Ref. [10] for which RCP  = 0.66. The RCP volume fraction of 
nonspherical particles was adjusted to achieve maximum data collapse with the result 
RCP  = 0.72 (homodicolloid) and 0.74 (tricolloid). The increase of RCP  with particle 
asymmetry is consistent with the trend of g . Figure 6.3 shows an excellent data collapse 
for all particle shapes with an effective slope of 4 well described by the theory [9].     
 Interestingly, we have shown above that all the modulus data can be collapsed 
based on either c  (dynamic crossover) or RCP  (jamming). This suggests a relation exists 
between the two extreme limits of this glass physics problem. Using the experimentally 
deduced RCP  and the CM-NMCT value for c , we find their ratio is nearly constant: 
/ 1.50 0.04RCP c    . This provides additional support for a connection between the 
onset of activated dynamics and granular jamming.   
       
6.3 Re-entrant Kinetic Arrest and Shear Elasticity of Concentrated 
      Suspensions of Spherical and Nonspherical Attractive Colloids   
We address the following questions in this section: (1) How does particle shape 
modify the kinetic arrest volume fraction as a function of ionic strength? (2) Does the 
dramatic glass-to-fluid-to-gel dynamic “re-entrancy” phenomenon observed for mixtures 
of hard sphere colloids and nonadsorbing small polymers [11] also occur for more 
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complex spherical particles as a function of ionic strength? (3) How does nonspherical 
particle shape modify the re-entrancy phenomenon? (4) How does the shear modulus of 
hard and sticky spheres and dicolloids vary with volume fraction and interaction 
potentials? 
 
6.3.1 Relaxation Times and Kinetic Arrest 
Figure 6.4 shows the experimental nonequilibrium phase diagram in the 
representation of ionic strength versus volume fraction for spheres and homodicolloids at 
the six ionic strengths considered: [I] = 0.03, 0.05, 0.1, 0.3, 0.5, and 1.0 M. Both spheres 
and dicolloids show a nonmonotonic variation of the kinetic glass volume fraction with 
ionic strength, the signature of “re-entrancy” [11]. Specifically, the kinetic arrest 
transition boundary first shifts to higher volume fractions with increasing ionic strength, 
which is partially a consequence of a reduced effective hard core diameter as Coulomb 
repulsion is better screened, and partially a consequence of the increasing presence of 
weak attractions. However, as ionic strength increases further, strong attractive forces 
emerge in U(r) and the kinetic arrest volume fractions shift to lower values. This 
behavior is reminiscent of the re-entrant behavior seen in depletion attraction systems [11] 
and suggests that the weak attractions introduced by charge screening first results in 
greater mobility in dense suspensions of both particle shapes, but as the attractions 
become strong enough the tendency for kinetic arrest is enhanced corresponding to a gel 
or “attractive glass”.   
The qualitative change of increasing ionic strength on colloid dynamics is 
signaled by the “nose” of the kinetic arrest diagram corresponding to a maximal fluidic 
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state. For both spheres and dicolloids this occurs at [I] ~ 0.3 M, and the amount of 
enhancement of g  is ~ 0.04-0.05 for both types of particles. Thus, although nonspherical 
particle shape dramatically delay kinetic arrest relative to the sphere, the effect of ionic 
strength on the interparticle interactions is similar for the two colloidal shapes. 
We now employ the a priori computed interaction potentials (Eq. (6.1)) in the 
CM version of the NMCT-NLE theory with RISM structural input to predict the behavior 
of the experimental systems. The dynamic crossover (NMCT) volume fractions, c , are 
shown in Figure 6.4 as the dashed curves. The theoretical c  display all the same 
qualitative behavior as the experimental g ’s, including the large enhancement for the 
nonspherical colloid and the nonmonotonic re-entrant behavior.  
Figure 6.5 shows the CM-NLE results of the mean barrier hopping time,  , as a 
function of volume fraction for spheres and dicolloids at four ionic strengths. Based on 
the known solvent viscosity, temperature, and particle size, we estimate s  = 0.1s as the 
reasonable value to convert our calculations of / s   to absolute time  . Physically 
sensible adjustments of this value only shift computed kinetic volume fractions by ~ 
0.01-0.02 at most since it enters as a prefactor. For all curves in Figure 6.5, note the 
stronger than exponential growth of the relaxation time with  . At fixed volume fraction, 
the barrier hopping time is much smaller for dicolloids than for spheres, and for both 
shapes varies nonmonotonically with ionic strength. 
 The kinetic arrest volume fractions, g , are now computed using the results in 
Figure 6.5 and the experimental criterion 2  s; analogous calculations are performed 
based on relaxation time criteria of 1 and 50 s in order to illustrate the sensitivity of the 
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predictions to the arrest criterion adopted. The theoretical kinetic arrest boundaries are 
shown in Figure 6.4. The agreement between experiment and theory is good (especially 
considering there are no adjustable parameters), and better for dicolloids, except for the 
highest ionic strength of 1.0 M. The theory predicts moderate particle shape anisotropy 
dramatically delays kinetic arrest, as well as the re-entrant form of the nonequilibrium 
boundary as the interparticle interaction changes from repulsive to attractive. The theory 
strongly over predicts the kinetic arrest volume fraction under high ionic strength 
conditions where attractive forces are likely dominant and possible quantitative errors in 
the attractive branch of U(r) in Figure 6.1 will have the largest consequences.       
 
6.3.2 Theoretical Analysis of Structure 
A question of fundamental interest is the physical origin of the theoretical 
dynamic re-entrancy phenomenon for the present novel system of colloids interacting via 
soft Coulomb repulsions and van der Waals attractions. All dynamical predictions are 
ultimately determined by packing structure, the two most commonly discussed aspects 
being the static structure factor, ( )ssS k , and the pair correlation function, ( )ssg r . The 
dynamically relevant features of these correlations are on local scales, in particular 
( *)ssS k k  where *k  is the wave vector of the cage scale maximum, and ( *)ssg r r , 
the “contact” value of the site-site interparticle  radial distribution function. For the soft 
repulsion systems of present interest, the latter refers to the height of the first peak of the 
pari correlation function which does occur very close to *r  ~ D. This quantity can be 
thought of as quantifying a “sticky collision” rate or the strength/number of “physical 
bonds” between particles [5]. 
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Figure 6.6 presents calculations of these two structural quantities for the sphere 
and dicolloid as a function of ionic strength at two volume fractions, one representative 
of the dynamic crossover regime (0.45) and the other higher value representative of the 
kinetic arrest regime (0.6). The ionic strength trends are qualitatively identical at both 
volume fractions, and for both shapes. However, the contact value [Figure 6.6(a)] and 
cage peak intensity [Figure 6.6(b)] follow qualitatively opposite variations. The contact 
value monotonically increases with ionic strength, an intuitive trend since as attractions 
are introduced one expects more contact particle clustering. However, ( *)ssS k  
monotonically decreases with attractions, a trend previously emphasized in the context of 
mixtures of nonadsorbing polymer and hard sphere colloids as “disordering” of cage 
constraints due to frustration between repulsive and attractive forces in determining first 
solvation shell coherence [11]. Note that for polymer-colloid depletion systems, ( *)ssS k  
is a nonmonotonic function of attraction strength (polymer concentration), and hence 
dynamical re-entrancy is interpreted at zeroth order solely in terms of cage coherence. 
This simple interpretation does not apply to the systems considered here that interact via 
a more complex soft repulsion plus van der Waals attractions which are both modified as 
ionic strength is varied. Hence, we suggest the competition between attractive and 
repulsive forces that gives rise to the re-entrancy behavior reflects a competition bwtween 
cage coherence effects and short range attraction driven contact aggregation.     
  
6.3.3 Shear Elasticity 
The mechanical experiments allow measurement of the elastic shear modulus as a 
function of volume fraction, ionic strength, and particle shape, which can be 
 165 
 
quantitatively compared to NMCT predictions. In Figure 6.7, the experimental data are 
replotted in the double normalized manner as motivated by the theory (discussed in the 
previous section) where the NMCT predictions for c  are employed, and the 
corresponding theoretical calculations are also shown. The theoretical results for spheres 
and dicolloids do nearly collapse, but onto curves that change systematically with ionic 
strength. Experiments behave in a similar manner for repulsive colloids, although the 
apparent slope of the roughly exponential dependence is larger than predicted. However, 
for attractive particles that collapse fails, although the shear modulus is largest at high 
ionic strengths in qualitative accord with theory. The origin of the deviations between 
theory and experiment in Figure 6.7 is not clear, but errors incurred by the RISM 
structural input at very high volume fractions, and possible quantitative inaccuracies to 
the pair potential for strongly attractive particles, are two plausible candidates.    
  
6.4 Theoretical Interpretation of Yielding Experiments 
Stress-induced phenomena for the same systems discussed above were recently 
studied by Kramb and Zukoski [4, 8]. One intriguing finding is that for the homodicolloid 
system under repulsive conditions, both the 'G  and ''G  curves exhibit signatures of 
double yielding. One example is shown in Figure 6.8, where two local maxima exist for 
''G  and an “inflection point” emerges for 'G .       
In Chapter 4, the NMCT and NLE approaches were generalized to treat nonlinear 
mechanical response, and the methods were applied to address the double yielding 
phenomena for dense fluids of low aspect ratio hard dicolloids. Here we compare the 
results with experiment [4, 8] where  =1 Hz, and thus the criterion / s   = 10 
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determines the theoretical dynamic yield stress. For L/D = 1.3, double yielding exists for 
both volume fractions (0.68 and 0.7) in Figure 4.12. In contrast, for L/D = 1.15, double 
yielding occurs for   = 0.675, but not at 0.655 where rotational motion is fluid-like 
( / s  <10 even at zero stress). Generally, theory predicts that double yielding is observed 
over a wider volume fraction range for the L/D =1.3 dicolloid compared with the 1.15 
aspect ratio system. This trend agrees with experiment [8] where homodicolloids are 
heterodicolloids are reminiscent of the L/D = 1.3 and 1.15 system, respectively. The 
prediction that double yielding occurs at volume fractions of 0.68 and 0.7 for the L/D = 
1.3 system is in the range observed (0.65-0.71) for homodicolloids [8]. Moreover, the 
experimental signatures of double yielding become stronger as volume fraction first 
increases, then weaken at very high volume fraction [8], trends consistent with our 
prediction that double yielding exists only for an intermediate range of volume fractions 
(for the reasons discussed in Chapter 4). 
We have not yet applied the theory to study yielding for attractive nonspherical 
colloids. But as we have learned from the hard dicolloid study in Chapter 4, our 
knowledge of the dynamic free energy landscape under quiescent conditions sets the 
stage for understanding stress-induced relaxation. For example, double yielding for 
repulsive weakly anisotropic particles is a direct consequence of two barriers emerging 
on the free energy surface. So we expect that the yielding behaviors of each activated 
dynamic regime (plastic glass, repulsive glass, attractive glass, and gel) distinguished by 
different dynamic free energy features for attractive nonspherical colloids [12] would 
exhibit measurable differences. Indeed, Kramb and Zukoski found that for the 
homodicolloid system (L/D = 1.3), four types of yielding behaviors exist [4], which are 
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associated with four regimes in the so-called “multiple yielding” state diagram (Figure 
6.9): nonbonded repulsive plastic glass, nonbonded repulsive double glass, bonded 
repulsive glass, and dense gel. This diagram is in qualitative accord with the theory 
predictions of the dynamic crossover phase boundaries for the L/D = 1.3 homogeneous 
dicolloids (Figure 5.2).  
 
6.5 Summary 
In summary, the no-fit-parameter NMCT-NLE theory calculations are in good 
agreement with the experimental data measured in the new colloidal system fabricated by 
Kramb and Zukoski [1, 3, 4, 8]. Modest shape anisotropy strongly delays kinetic arrest 
and the re-entrant glass-to-fluid-to-gel transition occurs for both spherical and 
nonspherical particles. The shear modulus grows roughly exponentially with volume 
fraction for all particle shapes and ionic strengths. For nearly hard core particles, a 
theoretically inspired universal master plot can be achieved for all shapes and repulsion 
strengths based on either the NMCT crossover or RCP jamming as the relevant measure 
of crowding. The intriguing double yielding behavior for repulsive low aspect ratio 
dicolloids is well interpreted by the theory discussed in Chapter 4. Experimental studies 
of yielding behaviors for attractive nonspherical colloids show encouraging agreement 
with the activated dynamic regimes predicted in Chapter 5, which motivates a more 
detailed theoretical study of stress-induced relaxation and yielding for attractive 
nonspherical colloids in future. 
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6.7 Tables 
 
Shape Ionic strength (M) g (exp) g (theory) 
Sphere 0.03 0.48 0.545 
 0.05 0.48 0.558 
 0.1 0.53 0.564 
 
Heterodicolloid 0.03 0.55  
    
Homodicolloid 0.03 0.59 0.601 
 0.05 0.58 0.614 
 
 
Tricolloid 
0.1 
 
0.03 
0.60 
 
0.61 
0.618 
 
0.645 
 
 
 
Table 6.1   
 
Experimental and theoretical (based on the potentials in Figure 6.1) values of the kinetic 
glass transition volume fraction of the four particle shapes [3].  
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6.8 Figures 
 
 
 
 
 
 
 
Figure 6.1   
 
Calculated particle pair interaction energies including full van der Waals and electrostatic 
forces (solid curves), and their double Yukawa fits (dashed curves). Inset: SEM 
micrographs of the sphere and homodicolloid particles [1].  
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Figure 6.2   
 
Calculated activated relaxation time based on the CM-NLE theory as a function of 
volume fraction for the sphere (blue), homodicolloid (orange), and tricolloid (yellow) 
system at ionic strengths of 0.03M (solid) and 0.1M (dash). The horizontal line defines 
kinetic arrest at 2  s. (Upper inset) Corresponding elastic shear modulus calculations 
under hard-core conditions. (Lower inset) Illustration of the generic connection between 
'G  and the inverse localization length squared for the three shapes (N = number of sites 
per colloid) [3]. 
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Figure 6.3   
 
Collapse of experimental '*G  data based on the volume fraction scaling ( / ) 1eff c   , 
where eff  is defined in the text [3]. Theory (dashed curve in the main panel) and 
experimental data (points) are shown for the sphere (blue), heterodicolloid (green, no 
theoretical results), homodicolloid (orange) and tricolloid (yellow) system and for ionic 
strengths of 0.03M (circles), 0.05M (squares), and 0.1M (diamonds). Inset: '*G  plotted 
as a function of 1/ ( )RCP eff  . Hard sphere colloid data from Ref. [10] are shown as 
open plus points, and a dashed line of slope 4 indicates scaling predicted by theory [9]. 
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Figure 6.4   
 
Dynamical state diagram showing g  for the sphere (blue) and homodicolloid (red) 
system. Experimental g  is shown as points. CM-NMCT theory calculations of c  are 
shown as dashed curves. CM-NLE theory calculations of the kinetic g  are shown using 
  = 1s (dash-dot), 2 s (solid), 50s (dot) [1].   
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Figure 6.5   
 
( )   from CM-NLE theory for the sphere (blue) and homodicolloid (red) system at ionic 
strengths of 0.03M (solid), 0.1M (long dash), 0.5M (short dash), and 1.0M (dash-dot) [1]. 
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Figure 6.6   
 
RISM theory calculations of (a) the “contact” value (details in the text) of the site-site 
inter-particle radial distribution function  ( *)ssg r r  and (b) the site-site static structure 
factor at the wave vector of the cage scale maximum ( *)ssS k k  for the sphere (blue) 
and homodicolloid (red) system as a function of ionic strength at volume fraction   = 
0.45 (solid) and   = 0.6 (dash) [1]. 
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Figure 6.7   
 
Experimental '*G  ( 3'* ' / BG G D k T  or 
2' / BG L D k T ) as a function of reduced volume 
fraction for spheres (closed points) and homodicolloids (open points) at ionic strengths of 
0.03M (circles), 0.1M (diamonds), and 0.5M (triangles). Curves indicate the 
corresponding CM-NMCT predictions for spheres (solid) and homodicolloids (dash) [1] .   
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Figure 6.8   
 
Dynamic stress sweeps at a frequency of 1Hz showing '*G  (closed points) and ''*G  
(open points) as a function of the dimensionless stress for the homodicolloid system at [I] 
= 0.05M, eff  = 0.654 (adapted from Ref. [4]). Two arrows indicate the two local maxima 
of ''*G .  
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Figure 6.9   
 
“Multiple yielding” state diagram (adapted from Ref. [4]) for the homodicolloid system: 
single yielding nonbonded repulsive plastic glass samples are shown by solid points, 
nonbonded repulsive double glasses by open points, bonded repulsive glasses by half-
filled points, and dense gels by plus signs.  
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CHAPTER 7 
CONCLUSIONS 
 
I have developed new microscopic and predictive NMCT and NLE theories for 
uniaxial particles to explicitly treat orientational dynamics, and applied this new approach 
to study novel slow dynamics and mechanical and rheological properties that arise due to 
the coupled nature of translational and rotational motions for a series of hard and 
attractive linear particles (Figure 1.2). The key theoretical object is the two-dimensional 
dynamic free energy surface, which self-consistently quantifies the force and torque on a 
tagged particle due to its surroundings, and can be computed a priori from knowledge of 
equilibrium structure and interparticle forces. 
For hard-core uniaxial particles, NMCT predicts a kinetic arrest diagram with 
three phases: fluid, plastic glass and double glass, the boundaries of which meet at a triple 
point corresponding to a most difficult to vitrify diatomic of aspect ratio ~ 1.43. As the 
particle aspect ratio increases beyond the triple point, the dynamic crossover volume 
fraction monotonically decreases but in a quantitatively modest manner that is much 
weaker than an inverse aspect ratio (L/D) dependence. The real space nature of the 
activated cage escape process is increasingly controlled by CM translation relative to 
rotational motion as L/D grows. The dimensionless ratio of CM to angular displacement 
at the saddle or transition state increases by over an order of magnitude as the aspect ratio 
grows from 1.43 to 4. The absolute magnitude of the CM displacement at the saddle point 
barrier is of order a few tenths of a site diameter. The CM mean first passage time is a 
non-monotonic function of aspect ratio at fixed volume fraction. The fastest relaxation 
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occurs at L/D~1.43 which corresponds to the location of the triple point in the NMCT 
dynamic crossover diagram. For all particles the hopping time grows with volume 
fraction faster than exponential, and the kinetic vitrification volume fraction is a non-
monotonic function of aspect ratio that roughly mimics its ideal MCT analog. Particle 
anisotropy modifies the dynamic fragility under kinetic vitrification conditions relevant to 
colloid experiments in a manner that is a non-monotonic function of particle aspect ratio. 
However, the overall sensitivity of fragility to particle shape is modest.    
The first microscopic theory of the nonlinear viscoelasticity of dense fluids of 
nonspherical particles has been formulated and applied. Our results concerning dynamic 
yielding are in good qualitative agreement with the recent hard dicolloid experiments of 
Kramb and Zukoski, and provide a first principles explanation of the striking 2-step 
yielding phenomenon. Due to the coupled nature of translational and rotational motion 
for nonspherical particles, the phenomena exhibited by anisotropic particles are much 
richer than found for hard spheres. The theory has made multiple new predictions with 
regard to how stress/strain modifies translation-rotational reaction trajectories in the 
entropic barrier hopping process for hard dicolloids. These results should be 
representative for a series of uniaxial colloids and are testable via future simulations and 
confocal microscopy experiments. For low aspect ratio particles, stress induces a much 
stronger barrier softening effect on the second-step barrier than the first-step barrier. 
Since our approach is built on entropic barrier hopping as the elementary physical 
process, this barrier softening “mismatch” is the mechanism for stress reducing 
translation-rotation decoupling. A direct result is that for both absolute and dynamic 
yielding, the interesting double yielding phenomena only occur over a window of high 
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volume fractions, which shifts to higher values for lower stress-sweep frequency. For 
large aspect ratio dicolloids, only one barrier exists for all stresses. We predict that 
translational motion is then more dominant in the barrier hopping process. To the best of 
our knowledge, experimental study of translation-rotation activated dynamics under 
stress for large aspect ratio particles has not been done. We hope new experiments and 
simulations will soon be performed to test our predictions for stress-induced relaxation 
and yielding.  
 Compared with the analogous CM theory (frozen rotation) results, new 
complexity emerges due to the interplay of rotational degrees of freedom and bond 
formation for dicolloids in short range attractions. For large aspect ratio systems, 
translation and rotation are coupled in all activated regimes (RG, AG and G). The similar 
activated dynamic and shear elasticity properties predicted for the hDC and JDC systems 
are understood as the consequence that the very local structure, which controls the local 
physics discussed in this chapter, are very close for the two systems.  For low aspect ratio 
hDC, four activated regimes are predicted: PG, RG, AG and G. A “plastic gel” is not 
predicted. Attractions can greatly reduce translation-rotation decoupling. The 
translational-rotational trajectory signatures in different activated regimes predicted for 
low and large aspect ratio hDC can be tested by future confocal microscopy experiments 
and/or simulations. 
The no-fit-parameter NMCT-NLE theory calculations are in good agreement with 
the experiments performed on new nonspherical colloid systems fabricated by Kramb and 
Zukoski. Modest shape anisotropy strongly delays kinetic arrest and the re-entrant glass-
to-fluid-to-gel transition occurs for both spherical and nonspherical particles. The shear 
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modulus grows roughly exponentially with volume fraction for all particle shapes and 
ionic strengths. For nearly hard core particles, a theoretically inspired universal master 
plot can be achieved for all shapes and repulsion strengths based on either the NMCT 
crossover or RCP jamming as the relevant measure of crowding. The intriguing double 
yielding behavior for repulsive low aspect ratio dicolloids is well interpreted by the 
theory. Experimental studies of yielding behaviors for attractive nonspherical colloids 
show encouraging qualitative agreement with the activated dynamic regimes predicted, 
which motivates a more detailed theoretical study of stress-induced relaxation and 
yielding for attractive nonspherical colloids in future. 
Many interesting mechanistic predictions are not tested yet. For example, to probe 
how particle aspect ratio, stress, and attraction strength modify the coupled translational-
rotational relaxation trajectories, more microscopic experimental techniques are required, 
such as the confocal microscopy. We hope advances in confocal microscopy will soon 
allow the direct imaging of coupled translation-rotation single colloid trajectories to more 
comprehensively test our theory. Carefully crafted simulations would also be very 
valuable.  
Much future work remains to be done for nonspherical colloids, such as creating 
theories for the frequency and stress dependent storage and loss moduli, nonlinear 
rheology of dense gels and attractive glasses, and the consequences of cluster formation 
in chemically heterogeneous Janus particle suspensions. The stochastic Brownian 
trajectory solution of the two coupled nonlinear Langevin equations can be performed, 
which will provide all single particle time correlation functions. This allows 
heterogeneous dynamical effects to be explicitly investigated such as translation-rotation 
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decoupling, nonexponential distribution of CM and rotational displacements, wavevector 
dependent single particle time-dependent structure factor, and non-Gaussian paramaters. 
Confrontation of the NLE theory with experiment and computer simulation for various 
time correlation functions can then be performed. How to extend all the theories 
developed in this thesis to non-uniaxial object characterized by two rotational angles is an 
open problem and major challenge.   
     
 
 
 
 
